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Abstract. We study the Chow group of zero-cycles on singular varieties from 
the perspective of the cdh topology and KH-theory. We define the cdh versions 
of the Chow groups of zero-cycles and albanese maps and formulate conjectures 
about the Roitman torsion theorem and "finite-dimensionality" of the Chow 
group in this set up. We prove these conjectures for surfaces. We compare the 
cdh analogue of the Chow group of zero-cycles on a projective variety with the 
Chow group of its desingularization. This is used to prove a finite-dimensionality 
result for this version of the Chow group for a normal projective threefold. 

In order to apply the cdh techniques to study the known Chow group of 
zero-cycles CH'^{X) on a singular scheme X of dimension d, we show under 
certain cohomological conditions that there is a natural injection CH'^{X) ^ 
F'^KHq{X) up to torsion, if X has only isolated singularities. This reduces the 
finite-dimensionality problem for CW^^X) to its cdh analogue. 

As a byproduct of this, we prove some finite-dimensionality result for the 
Chow group of zero-cycles CH^{X) on a threefold X with isolated singularities, 
assuming the same for smooth threefolds. 



1. Introduction 

The purpose of this work is to understand the Chow groups of zero-dimensional 
algebraic cycles on singular varieties from the perspective of cdh topology on 
schemes, which was developed by Voevodsky [52] in his study of the triangulated 
category of motives and motivic cohomology. The Chow groups of algebraic cycles 
on smooth varieties have been studied for a long time and they were first used in 
a nontrivial way by Grothendieck, when he proved the Riemann-Roch theorem for 
the i^-group of algebraic vector bundles on such varieties. Ever since, these groups 
of algebraic cycles on smooth varieties and the Abel-Jacobi maps from them into 
the intermediate Jacobians have have gone through a phenomenal developments 
which one hopes, would culminate in the proof of the famous general Hodge con- 
jecture regarding them. One also knows now that the Chow groups of algebraic 
cycles and their generalization by Bloch [6] in terms of the higher Chow groups 
provide a theory of motivic cohomology, which describes the algebraic ii"-theory 
of vector bundles on smooth varieties. 

On the other hand, almost nothing is known about the existence of such a theory 
of the Chow groups of algebraic cycles on singular varieties. It still looks a difficult 
question whether there is a motivic cohomology theory which could describe the 
algebraic ii"-theory of vector bundles on such schemes. In order to describe the 
lowest part of "coniveau filtration" on the Grothendieck group of vector bundles 
on a singular scheme X of dimension d, Levine and Weibel [12] invented the Chow 
group of zero cycles, often denoted by CH'^{X). 
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This group has since been extensively studied by Levine, Srinivas and many 
others. However, except for the case of curves (cf. [H]) and normal surfaces (cf. 
[37]). this Chow group is still far from being fully understood, although many 
properties, such as the singular analogue of the Roitman's torsion theorem and 
Mumford's infinite-dimensionality theorem have been now been proven (cf. |41j . 
0, [M], [l9], [21]). In higher dimensions, a formula for Chow groups of zero cycles 
on a variety X with only Cohen-Macaulay isolated singularities in terms of the 
analogous group for a resolution of singularities of X was recently obtained in [35] 
(see also [33]). The main motivation behind the lookout for such a formula is the 
hope that many questions about the Chow groups of zero cycles on such singular 
varieties could be reduced to answering the similar questions about the zero cycles 
on smooth varieties, which are supposedly better understood. 

One such question, which is the prime focus of this paper on the application 
side, is the singular analogue of the generalized Bloch conjecture. To state this, 
recall that if X is a smooth projective variety of dimension d over an algebraically 
closed field /c, then the natural map from the variety to its albanese variety defines 
a surjective group homomorphism 

(1.1) Co,x : CiJ'^(X)dego ^ AX), 

where J'^(X) is the albanese variety of X. In fact, one knows that J^(X) is a univer- 
sal regular quotient of Cif'^(X)dego- One says that CH'^{X) is finite-dimensional, if 
the map Co,x is an isomorphism, which means that the "connected component" of 
CH'^{X) is parameterized by a projective variety. It was conjectured by Bloch [7] 
that a smooth projective surface X with H'^^^{X,Ox) = 0, is finite-dimensional. 
This conjecture is open till date though it has been proven for surfaces which are 
not of general type [9]. The following is the generalized form of Bloch's conjecture 
in higher dimension. 

Conjecture 1.1. (GBC) Let X be a smooth projective variety of dimension d 
over k such that H^^^{X,Q)^) = for < i < d - 2. Then CH'^{X) is finite- 
dimensional. 

We refer the reader to [53] for more detail on this conjecture and its relations with 
several outstanding conjectures on algebraic cycles. We shall say that GBC{X) 
holds if the generalized Bloch conjecture holds for the variety X. For (i > 2, we 
shall say that GBC{d) holds, if this conjecture holds for all smooth projective 
varieties of dimension up to d. 

Now suppose X is a singular projective variety. It is shown in [21] that there 
is a smooth commutative algebraic group J^{X) over k and a surjective group 
homomorphism 

(1-2) Co,x : CH'iX),^^, ^ JtiX), 

which is a universal regular quotient in the category of regular maps from CH'^{X)dego 
to smooth commutative algebraic groups. The map Co,x is called the albanese map. 
As in the case of smooth varieties, one says that CH'^{X) is finite-dimensional if 
the albanese map is an isomorphism. One has then the following singular analogue 
of the generalized Bloch conjecture. 

Conjecture 1.2. Let X be a projective variety of dimension d over k such that 
H^ariX, ni^) = forO<i<d- 2. Then CH'^{X) is finite- dimensional. 

In the current work, we propose a new direction for studying the Chow group 
of zero-cycles on singular varieties. This involves approaching the problem from 
the perspective of the cdh topology on singular schemes. This topology was in- 
vented by Voevodsky [52] in his study of motives over a field of characteristic zero. 
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This topology although does not do anything extraordinary on smooth schemes, 
it has proven to be of immense help in solving many i^-theoretic problems about 
singular schemes which are otherwise known for smooth schemes. This has been 
ubiquitously used for example, in [HJ, [12j and [15j, to solve some very important 
problems on the algebraic i^-theory of singular schemes. 

This work is an attempt to study the questions about algebraic cycles on singular 
schemes by relating them with the homotopy invariant i^-theory and the cdh co- 
homology of the i^-theory sheaves. One of the main tools for making this program 
work is the recent result [12] Theorem 1.6], which roughly speaking, estimates the 
difference between the algebraic ii"-theory and the homotopy if-theory of singular 
schemes in terms of their Hochschild and cyclic homology. Needless to say, these 
Hochschild and cyclic homology are much simpler objects to deal with. The hope 
is that this, together with many known results about the KH-iheoiy, will give a 
new direction in constructing the motivic cohomology of singular schemes. 

We now describe the various results of this paper in some detail. Our results are 
based on exploiting the relation between the Zariski and the cdh cohomology of 
quasi-coherent and /C-sheaves. Towards this, we describe the Zariski cohomology 
of the Kahler differentials on normal crossing schemes in terms of their cdh co- 
homology in Section |3l As mentioned above, the difference between the algebraic 
and the homotopy fC-groups can be measured in terms of the cyclic homology of 
schemes. In Section |41 we describe the relevant part of the cyclic homology of 
schemes with isolated singularities, in terms of the cdh cohomology of the Kahler 
differentials. This is done by using the resolution of singularities, the cyclic homol- 
ogy of smooth schemes and the computations of these groups for normal crossing 
schemes. 

In Section O we study various filtrations on the algebraic i^"-theory of singular 
schemes. In order to understand the behavior of these filtrations under the push- 
forward map on the algebraic i^'-theory, we establish a Riemann-Roch theorem 
(cf. Theorem l5.3p for the local complete intersection morphism of singular schemes. 
This is an extension of the similar result of Grothendieck et al. for Kq to higher K- 
theory. The proof involves exploiting the axiomatic approach of Fulton and Lang 
[22] to the Grothendieck's Riemann-Roch theorem, and the study of filtrations 
on higher i^'-theory by Soule [50j . This is then used to show in Corollary 15.71 
that on a scheme with only isolated singularities, the Chow group of zero-cycles 
coincides wi th th e lowest level of the gamma filtration on Kq. The main result here 
is Theorem 15. 8[ where we show that under certain vanishing of the cohomology 
of differential forms, the Chow group of zero-cycles can be embedded inside the 
lowest level of the Brown filtration on KHq. This brings the study of the known 
Chow group of zero-cycles to the cdh world. 

The Chow group of algebraic cycles on schemes are often studied via the Abel- 
Jacobi maps from these groups to the various intermediate Jacobians. In order 
to facilitate this technique to work through in the cdh approach, we study these 
objects in Section [6l We interpret the Hodge filtration on the analytic cohomology 
of singular complex varieties in terms of the cdh cohomology of differential forms. 
This follows from a cd/i-descent theorem for the Du Bois complex on these schemes. 

In Section [101 we construct the theory of Chern classes on the KH-i\ieoiy with 
values in the Deligne cohomology. These Chern classes are compatible with the 
similar Chern classes on the algebraic if-theory. This construction is achieved by 
comparing the KH-iheoiy with the descent i^'-theory of [IS] . We use these Chern 
classes to define the cdh version of the albanese maps of (11. 2p . This facilitates the 
formulation of two conjectures about the cdh analogues of the Roitman torsion 
theorem and the finite-dimensionality problem for the Chow group of zero-cycles. 

We prove our main result about the cdh version of the Chow gro up of zero-cycles 
in Theorem 111.21 As an application, we prove Conj ectures 18.91 and 18.101 for surfaces 
in Section [T^l As further applications, we prove the finite-dimensionality results 
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Theorem 113.21 and Corollary 113.31 for the Chow groups of zero-cycles on normal 
projective three-folds in Section [131 

We end this section with few comments. As said before, this work is an attempt 
to study the Chow group of algebraic cycles on singular schemes using the cdh 
topology on such schemes. In most of the proofs, we have put extra conditions 
on the nature of the singularity, which are seemingly needless. The results here 
lead one to many other related questions on the Chow groups of singular schemes. 
The applications in this paper are mostly focussed on the finite-dimensionality 
question for the Chow group of zero-cycles and its cdh analogue. In the sequel 
[36], we exploit and refine the techniques of this paper to obtain generalizations 
of Theorem 15.81 for varieties with arbitrary singularities. This in turn will be used 
to obtain formulas for the known Chow group of zero-cycles in terms of the Chow 
group of a resolution of singularities. 

2. Recollections and preliminary results 

In this paper, we fix once and for all, a ground field k of characteristic zero. We 
shall assume k to be algebraically closed although many of the results do not need 
this extra assumption, as the reader will observe. We make this assumption mainly 
because our applications will be over the field C of complex numbers. Let Sch/A; 
denote the category of all separated schemes of finite type over k and let Sm/k 
denote the category of smooth schemes of finite type over k. For X G Sch/fc, 
will often denote the normalization of Xj-^d- Recall from [25] that an abstract 
blow-up is a Cartesian square 

(2.1) Y'^X' 

r 

Y^^X 

in Sch/fc where i is a closed immersion, / is proper and (X' — y)rcd (-'^ — ^)rcd is 
an isomorphism. An elementary Nisnevich square is a Cartesian square (12. ip where 
/ is etale, i is an open immersion and {X' — Y') — )■ (X — Y) is an isomorphism. 
The cdh topology on Sch/k is generated by covers {X' X} given by the above 
abstract blow-ups and elementary Nisnevich squares. 

For a presheaf of spectra S on Sch/fc, let M.cdh{—,^) denote its fibrant replace- 
ment in the cdh topology. We shall denote the nonconnective i^-theory spectra 
and its homotopy invariant counterpart (cf. [55j) on Sch/k by K, and JCH re- 
spectively. For a subfield F C k, let 'H'H{/ F) and 'HC{/ F) denote the presheaves 
of Eilenberg-Mac Lane spectra of Hochschild and cyclic homology respectively on 
Sch//c (cf. [TTl Section 2]) over F. If the field F is not indicated, we shall assume 
these homology to be taken over the field Q of rational numbers. For any X in 
Sch//c, we let HHi{X/F) to be niWH^X/ F). One defines the cyclic homology of 
schemes in a similar way. We shall also write 7rj/C(X) (resp HiJCT-L^X)) as Ki{X) 
(resp KHi{X)). We recall from [T2l Proposition 2.1] that the Hochschild, cyclic 
homology and their C(i/i-fibrant replacements have a gamma filtrations (Hodge 
filtration) which give the canonical A-decompositions 

(2.2) HHn{X/F) = © HH^\X/F), 

i 

HCn{X/F) ^ © HCi'\X/F), 

i 

m:,,{x,nH) =© e^,,(x, ?{?/«) and 
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Moreover, the natural map 1-Ll-i — ?■ EIcd/i(— , HH) preserves these decompositions. 
The same holds for the cyclic homology and negative cyclic homology. 

For a presheaf of spectra let £^ denote the homotopy fiber of the natural map 
of spectra £ — )• M.cdh{.— ^ £) ■ 

Theorem 2.1. ( [12^ Theorem 1.6]j For any scheme X in Sch/Zc, the Chern char- 
acter map K, — )■ 1-iM from the K-theory to the negative cyclic homology spectra 
induces a natural weak equivalence 

ic{x) ^ nAf{x) ^ Q-^nc{x). 

Corollary 2.2. There is a natural fibration sequence of spectra 

Q-^nc{x) /c(x) ^ }cn{x). 

Proof. This follows from Theorem 12. II and the weak equivalence Mcdhi—, ^) — > 

as shown in [281 Theorem 6.4]. □ 

We shall write a : (Sch/fc)^^^ — )■ (Sch/A;)^^,, for the natural morphism from the 
cdh to the Zariski site of Sch/ k. For a Zariski sheaf J-", let J^cdh denote its associated 
cci/i-sheaf a*J^ and let F) denote the cd/i-co homology of J^cdh- For any sub- 

field F <0 k and for z > 0, let denote the presheaf X i— )• ^x/f Kahler differ- 
entials. Let f^^/^ denote the brutal truncations of the algebraic de Rham complex 
^'x/p of X. It is known (cf. [52], [H Exp. VI, 2.11, 5.2]) that the C(i/i-cohomology 

commutes the filtered direct limits of sheaves. In particular, for a sheaf of k- 
modules J-' and a fc-vector space V, one has H'^^f^[X, J^®kV) = H^^y^{X, J^)®kV . 

We shall often use this fact for the sheaves of the form f^^^Q^j^fi;^^^. 

We also recollect here a few preliminary results that will be used often. The case 
i = of the following result was proven in [11], Lemma 6.5]. The general case is a 
simple consequence of [T^', Theorem 2.4, Lemma 2.8]. We shall use such a result 
for comparing the Zariski and the crf/i-cohomology of sheaves of differential forms. 

Lemma 2.3. For a k-scheme (i.e., a scheme in Sch/A;j, the complex of Zariski 
sheaves Ra^a*flx/F (''^^^P Ra^ci'Vt^x/k) ^'^^ quasi- coherent (resp coherent) cohomol- 
ogy sheaves for any subfield F ^ k and any i > 0. 

Lemma 2.4. Let J-' Q be a morphism of Zariski sheaves on a k-scheme X 
such that (f) is an isomorphism outside a closed subscheme Z ^ X of dimension 
d. Then H^+^ (X, J^) ^ H^+^ (X, g) and H\X, A H\X.g) fori>d + 2. 

Proof. It suffices using the standard long exact cohomology sequences, to show that 

j 

if J-" is a Zariski sheaf on X such that J^\u = 0, where ?7 ^ X is the complement 
of Z, then H\X, J^) = for i > + 1. We have the short exact sequence (cf. [29} 
Exercise 1.19, Chapter II]) 

Our assumption then implies that if*(X, J-") ^ W (X, z*(J-'|^)) for all i. But the 
last term is same as H^{Z,J^\z) by [29] Lemma III. 2. 10]. The proof now follows 
from the Grothendieck vanishing theorem on Z. □ 
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Lemma 2.5. Let X be a k-scheme of dimension d. Then for either of Zariski and 
cdh-sites, the following hold for any subfield F ^ k and any j > 0. 

(z) H'^ix, n^/^) ^ H^ix, ni^^^) M^+^ix, fig^) 

is exact. 

(ii) W{X, = fori>j + d+l. 

Proof. This is a simple exercise in the hypercohomology using the fact that the 
Zariski or the cdh cohomo logical dimension of X is c? (cf. [52]). We give a sketch. 
For j = 0, this follows from the above fact. So assume that the result holds for 
< j' < j — 1 and j > 1. The long exact cohomology sequence for the exact 
sequence 

gives a diagram 



The vertical map is surjective and the last term on the bottom exact sequence is 
zero by induction. This proves the first exact sequence of the lemma. Finally, the 
exact sequence 

w-\x, iV^^A ^ WiX, ^) ^ ff (X, fig 
for i > d + j + 1 and the induction prove the second part of the lemma. □ 



3. Zariski and cdh cohomology on normal crossing schemes 

In this section, we compare the Zariski and the cdh cohomology of sheaves of 
differential forms on normal crossing schemes. We begin with the following local 
result. 

For a finite morphism f :¥ ^ X oi fc-schemes and for a subfield F C k, let 

yyp ■= Ker [Q'x/p f, (^V/f)) for i > 0. 

If X = Spec(y4) and Y is the closed subscheme of X defined by an ideal J, we shall 
often write the above as Q^^^^jyp. 

Proposition 3.1. Let A be a reduced and essentially of finite type k-algebra. As- 
sume that the normalization map f : A B of A is unramified. Let I G A be a 
conducting ideal for the normalization. Then the natural map Q^^^ — > Q^^^ jyp 

is surjective for any i >0 and any subfield F C k. 

Proof. Let A' = A/ 1 and B' = B/L We prove the proposition by the induction 
on i > 0. For z = 0, we have ^^j^jyp = I = Q^^^jyp. For i = 1, we use the 
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HH[iB,I) 



HH^{A,B,I), 



^B/F ^A'/F ^ 



where HHf{A,B,I) is the double relative Hochschild homology (cf. [S]). Since 
HH^{A,B,I) = I®A^B/A by [W] Theorem 3.4] and since A ^ B is unramified, 

we see that HHq{A, B,I) = and in particular, the top vertical map on the 
extreme left in the above diagram is surjective. A diagram chase shows that 



"(A,/)/F 



Suppose now that i > 2 and the result holds for all < j < i — 1. Since 
fi^^^ = 0, the first fundamental exact sequence of Kahler differentials implies that 



B/F 



Bn\ 



A/F- 



(3.1) 

Moreover, fi*^^ C Q\^p is generated as a A-module by the exterior forms of 
the type aodai A ■ ■ ■ A dai, where ttp E A for all p and ap E I for some p. This 
can be directly checked by the universal property of Kahler differentials (cf. [321 
Lemma 4.1]). The same holds for Q'^(^^ jyp. Thus 



(3.2) 



iA,I)/F 



Aa^dai A ■ ■ ■ A dai 



{B,I)/F 



Bbodbi A - ■■ Adbi 



= ^ Abodbi A ■ • • A dbi. 

some bp£l 

Hence, it suffices to show that 

(3.3) /3 = bodbi A ■ ■ ■ A dbi e Image {^\a,i)/f ^ ^\b,i)/f) ■ 

By permuting the orders of differentials (which only changes the sign), can assume 
that bp E I for some p < i — 1. Then we have f3' = bodbi A ■ ■ ■ A dbi^i G ^^ij^^jyp by 
and (3 = (3' Adbi. 



By induction, we see that f3' G Image (^fl^^^'^jyp — > fi^^ jyp 



This implies from 



( 13. 2 p again that 

13' = a^dai A ■ ■ ■ A dtti^i, 

some apdl 

with ap E A for Q < p < i — 1. So can assume that (3' = a^dai A ■ ■ ■ A dai^i. We 
then have 

(3 = (3' A dbi = a^dai A ■ ■ ■ A dai^i A db^. 
If ao G /, then the case i = 1 implies that a^dbi G Vl]^^ jyp and hence f3 G Q^^^ jyp. 
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So we suppose that ap & I for some 1 < p < i — I. We can again assume that 

Oi G /. It follows from (13. ip that dai A dbi is of the form ^ b'^dai A dap, where 

p 

Op & A and bp E B for all p. Hence we can assume that 

/3 = {bdai A dai) A {aQda2 A • ■ ■ A (iaj_i) , 

where ai E A and b E B. In particular, we have 6(iai G i^^^ jyp and hence in the 
image of ^j^y^jyp by the case i = 1. This in turn implies that up to sign 

(3 = bdtti A {da2 A ■ ■ ■ A (ia,;_i A rfaj) 

This proves (13. 3p and finishes the proof of the proposition. □ 

Lemma 3.2. Let E be a reduced seminormal curve which is affine and essentially 
of finite type over k. Then the following hold for any subfield F C k and any i >0. 

HzariE, Oe) a H^cdh{E, Oe) 

HI^XX^^e/f) - i^eV(^,f^k/F) and 

Proof. Let E ^ E denote the normalization of E. Let 5* = -Esmg be the reduced 

singular locus of E and let S = f~^{S). Since is a seminormal curve, the map / 
is unramified and hence the proof of Proposition 13.11 implies that there is an exact 
sequence 

(3.4) H',,,iE, n^p/p) ^ Hl,XE, n^/p) © H'zariS, ^s/f) ^ ^L.(^, ^^s/f) ^ 0- 

for < z < 1 and the first arrow from the left is injective for i = 0. We thus have 

the following commutative diagram of exact sequences for < z < 1. 

(3.5) 



4 ^e/f) ^ ^cV(^, ^%e) © ^cV(5, ^ H^cdhiS, n|/^) 4 Hl,^{E, Q%/p) 

The top sequence is exact by (13.40 and the bottom sequence is the Mayer- Vietoris 
exact sequence for the cdh cohomology (cf. [121 Theorem 2.7]). The smoothness 

of E, S and 5* and [121 Corollary 2.5] imply that the middle and the right vertical 
maps are isomorphisms. For the same reason, the assertion of the lemma holds for 
these schemes. A diagram chase now proves the lemma for < i < 1. Furthermore, 
it also follows that for i > 2, 



S/F) 



In particular, H^^^f^{E, fl^^/p) = for z > and j > 1. 
We now only need to show that 

(3.6) ^e/f) H^dkiE, n^E/F) for i > 2. 
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For this, we first assume that F = k. Then ^g/j^ and vanish and hence the 

top exact sequence in the above diagram shows that f^^/^. ^h/k' This in turn 
gives a commutative diagram 

^E/k * ^^/k 



H'c,H{E,n^/k)^HXiE,n^^^), 

where the the isomorphism of the right vertical map and the bottom horizontal 

map follows from the smoothness of E, S and 5* and the Mayer- Vietoris exact 
sequence for the cdh cohomology. This shows the desired surjectivity of the left 
vertical map. For any F (1 k, we note that f^^/^ has a finite decreasing filtration 

{F^Q'-^^p}^^,^, such that there is a surjection 

F'^ ^ rp / rp 

k/F E/k F^~^H1,' 



E/F 

which is an isomorphism on the smooth locus of E. Now fl3.6p follows by an easy 
induction on i and j. □ 

The above lemma is a special case of the following more general result. 

Proposition 3.3. Let E ^ X be a strict normal crossing divisor on a smooth 
k-scheme X such that X is affine and essentially of finite type over k and its 
dimension is d+1. Then the following hold for any suhfield F C k and any i > 0. 

^e) 



H'^,iX,n],/p) and 
^;?..(^,^W = Ofor j>0. 



Proof. Let A be the coordinate ring of E and let A ^ B he the normalization of 
A. Let / C A be the reduced conducting ideal for the normalization. In particular, 
I is the ideal of the closed subscheme -Eging- We prove the proposition by induction 
on d. The case ci = 1 is shown in Lemma 13.21 So we assume d > 2 and that the 
result holds for the normal crossing divisors of dimension up to c? — 1 . 

We observe that since £^ is a strict normal crossing divisor on X which is smooth, 
the normalization is simply the disjoint union of the irreducible components of E. 
Moreover, the map / is unramified, as can be easily checked by local calculations. 
That is, 

(3.7) nL^p = 0. 

If E is irreducible, then it is smooth and the result is known (cf. [Ill Corollary 2.5]). 
So we assume that E is not irreducible and prove the assertion by induction on 
the number of components of E. Let E = Ei U ■ ■ ■ U E,, he the union of all its 
irreducible components. Let E' = E2U ■ ■ ■ U Er and D = E' Ci Ei. Then E' is also 
a strict normal crossing divisor on X and D is a strict normal crossing divisor on 
El. We first claim that the sequence 

(3.8) ^S/F ^ ^Ei/F ® ^E'/F ^ ^D/F ^ ^ 
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is exact. To show this, it suffices to prove that the map e')/f ~^ ^Iei d)/f 
surjective. 

Let /' denote the ideal of E' as a closed subscheme of E. Then the fact that 
£^ is a snc, implies that J = I'Oei is the ideal of Z) as a closed subscheme of Ei. 

In other words, one has /' -» J. The desired surjectivity now follows from the 

presentations of ^[e e')/f d)/f (I3.2p . This proves the claim. 

It is easy to see from the definitions of E' and D that the diagram 



N 



D 



D 



/N 



E 



E' 



is Cartesian. We now claim that the map 



(3.9) 



^\e',e'N)/f ^Id,dN)/f is surjective. 



To prove this claim, we can work locally on X at points of E. Thus we can let 
A = R/ (a), where R = {R, m, k) is the regular local ring of a closed point on X 
with maximal ideal m = (xi, ■ ■ ■ , Xd+i) and residue field k, and with 
1 < ii < ■ ■ • < V < (i + 1. We prove the claim in the case when r = d + 1. The 
case r < d + 1 is simpler and follows in the same way. 

In this case, E' and D can be described by the local rings Ai = R/{xi),A' = 
R/{b), and S = Ai/{b) respectively, where b = X2- ■ -Xd+i- In particular, we have 



A 



IN 



Since ^(^j^/ j^/NyE ^ ^(s s'^)/f is 



n R/x^ and 5^ = n 

2<i<d+l 2<i<d+l 

linear, it is enough to show that the map Q 

surjective. Hence we can replace R, A' and S by their completions, and assume 
that A' = k[[xi,--- and S = k[[x2,--- ,Xd+i]]/ib). In particular, we 

have A' = S[[xi]] and hence the maps A' ^ S and A"^ have sections and 

hence the map ^myE ~^ s'^)/f i^ surjective. This proves (13. 9p . 

To prove the proposition for E, we consider the diagram 
(3.10) 



E/F 



E'/F 



Ei/F 



-^0 



^ H^dhi^^^E/F) 



D/F 



E/F) 



where the top sequence is exact by (13. 8p and the bottom sequence is the Mayer- 
Vietoris exact sequence for the cdh cohomology. The middle and the right vertical 
maps are surjective by induction on the dimension and number of components. The 
last map on the bottom row is surjective as the next term in the long exact sequence 

is zero by induction again. This shows in particular that H^^^f^{E,Q'^^^p) = for 
j > 1. We now only need to show that Ker(a) — )■ Ker(/3) is surjective to finish the 
proof of the proposition. However, since E'^ , Ei and are smooth, Ker(Q;) and 
Ker(/9) are same as fl''^^, ^,pfyp and ^^(^e D''f)/F respectively by [HI Remark 5.6.1]. 
The required surjectivity now follows from (13. 9p . □ 
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Corollary 3.4. Let E ^ X he a strict normal crossing divisor on a smooth k- 
scheme X of dimension d + 1. Then the natural map 

is surjective for j = d — 1 and isomorphism for j = d for any subfield F (1 k and 
any i > 0. 

Proof. For the morphism a : Ecdh Ezar of sites, it follows from Proposition 13.31 
that W a.^a*VL'^p I p = for j > 1 and i > 0. The Leray spectral sequence implies 

that Ra*a*Vt^pip = a^a*Q'^p^p. On the other hand, it also follows from Lemma [2.31 
and Proposition 13.31 that ^p/p — )■ a^a*flp^p is a surjective map of quasi-coherent 
sheaves with kernel supported on -Esing- The corollary now follows from Lemma |27^ 

□ 

Corollary 3.5. Let X ^ X be a resolution of singularities of a normal quasi- 
projective k-variety X of dimension d+1 with the reduced strict normal crossing ex- 
ceptional divisor E = /-i(Xsing). Then the map Ul^'^ (^E, fl^'jp^ B.^^h'^ (^E, Q^'jp 

is an isomorphism. Furthermore, the map M^'^^^ (^X, fi^^^^ — > H^'^"-'^ (^E, ^p'jp 



is surjective in the Zariski and the cdh topology if the map Hf^j^ ^X, j — )■ 
^cdh ^%:}f) '^^ isomorphism. 

Proof. The first isomorphism follows at once from Lemma 12.51 and Corollary 13.41 
For the other assertion, we can use the first assertion to reduce to the case of 

cdh topology. Now, the surjectivity i/,^,, (e, f]^"^) ^ H^.^' fi<^^) (cf. 
Lemma f2.5p implies that we only have to show that the map H'},, (X,^'^/ 

H^^f^ (^E, ^'^/p^ is surjective. But this follows directly from our assumption and the 
Mayer- Vietoris exact sequence for the cdh cohomology of ^'jp^ for the resolution 
map once we observe that H^^i^ ^-^sing, ^x'^ /f^ vanishes as X is normal. □ 

The following result about the Zariski and the cdh cohomology of the Kahler 
differentials on seminormal varieties is of independent interest. This is a weaker 
form of the previous result. 

Proposition 3.6. Let X be a reduced seminormal k-scheme of dimension d. Then 
the natural map 

is an isomorphism for any subfield F O k and any i > 0. 
Proof. It follows from Lemma 12.31 that the map 

X/F w^u. iL-^^p 

is a morphism of quasi-coherent sheaves. In particular, the cokernel sheaf J^x/f 
also quasi-coherent. 

Claim. J-'x/p is supported on a closed subscheme Z which has codimension at 
least two in X. 

Proof of the claim. Let X A X be the normalization map. Let X be the 
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reduced conductor subscheme and let 5* = SxxX. Let S "-^ X he the inclusion 
map. Let W^^ ~ denote the cokernel of the map ~^ (^^\x s)/f) ' 

The seminormality of X implies that vr is unramified in codimension one. Hence 
we conclude from Proposition 13. II that support ^H*^^^ •S')/^) ~ ^^^^^ ^ 
closed subscheme of X of codimension at least two. In particular, the sequence 

(3.11) n),/p ^ ^*^X/F ® ^S/F ^ ^ 

is exact on the open subscheme Ui = X — Zi. Thus we get a commutative diagram 

(3.12) ' ^'x/F ® %F > %F > 



where the bottom sequence is the Mayer- Vietoris exact sequence for cc?/i- cohomology 

because S and S are reduced. 

Since X is seminormal, it follows from [38, Theorems 3.5, 3.8] that there is a 

dense open subscheme U2 C X such that for Z2 = X — f/2, we have 

(i) Codimx(2'2) > 2 and 

(ii) Xr]U2, S* n f/2 and S n TT'^{U2) are all smooth. 

In particular, the restriction of W a»a*Vl'^~ 1^ on U2 is zero. Moreover, the middle 

as well as the right vertical maps are isomorphisms by [121 Corollary 2.5] on f/2. 
A diagram chase in f l3.12p shows that 6** is surjective on f/ = [/i fl f/2 and the 
codimension of Z = X — f/ is at least two. This proves the claim. 

It also follows from [121 Corollary 2.5] that the kernel of 6'* is a quasi-coherent 
sheaf supported on Xsing- The proof of Lemma [2.41 now proves the desired isomor- 
phism of the top cohomology groups. □ 

4. Zariski and cdh cohomology of some singular schemes 

Our aim in this section is to compare some Zariski and cdh cohomology of 
projective varieties with isolated singularities using the results of Section [3] and the 
resolution of singularities. Let X be a normal projective fc- variety of dimension d + 
1 > 2 with only isolated singularities. Let S = Xg^^g denote the singular locus of X 

with the reduced induced structure. Let / : X — )■ X be a resolution of singularities 

of X such that the reduced exceptional divisor E ^ X has smooth components 
with strict normal crossings. For n > 1, let nE denote the nth infinitesimal 

thickening of E defined by the sheaf of ideals X" on X, where I is the sheaf of 

ideals defining E. Let E E he the normalization map of E. Note that E is 
simply the disjoint union of irreducible components of E. 

Lemma 4.1. The natural map 




is an isomorphism. 
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Proof. It suffices to show by Lemma [2^41 that the map 

^^E/k ^^E/k 

is surjective. For this, it is enough to show that the map ^^/^ is surjective. 

One can now check by an easy local calculation (cf. proof of Lemma [4.2p that, in 
fact the composite map ^^^^ — ^ ^^/k surjective. This completes the proof. □ 

Let ujx/i^ denote the canonical line bundle on X. For n > 0, the differential map 

^tn+i)E/k ^tnli)E/k mduccs the map 

%n+l)E,E/k)/k 
Qd-1 ~^ ^''(n+l)E/k■ 

({n+l)E,E/k)/k 

Also, we have the following natural surjections. 

^/'^ ^ ^\n+l)E/k 



^X/k®O^OnE 

Lemma 4.2. For any n>l, the above maps induce the surjective maps 



\(n+l)E,E/k)/k a ^^^^ 



1^ ^ ^tn+l)E/k ^X/k®O^OnE 



[{n+l)E,E/k)/k 

which are isomorphisms on the smooth locus of E. 

Proof. This is a local calculation and can be checked at the local ring of closed 
points of X. So as in the proof of Proposition 13.31 let R = {R, m, k) be the regular 
local ring of a closed point on X with maximal ideal m = (xi, ■ ■ ■ , Xd+i) and residue 
field k. For n > 1, let An denote the local ring of nE at the chosen point. 

We ffist consider the case when A = R/xi is smooth. In that case, is in 

fact of the form 74[x]/(x""'"^). On can then explicitly calculate that 

^(vl„+i,A)/fc = {^\/k'S)AxAn+l) © (A„+i/x")c?X, 
^Un+„A)/k = i^A/k^AxAn+i) © (^^A/l'^A (^n+l/x") dx^ foT 2 < i < d and 

^tl/k = ^AIk®A dx. 

The desired isomorphism ^ Vl'^^^ ^ can be now directly 

^{A„+i,A)/fe ^"+1/'= ) 

checked. 

We now assume that A is not smooth. Let An = R/{a^), where 
with 1 < ii < ■ ■ ■ < ir < d + 1. We prove the assertion in the case when r = d+1. 
The case r < + 1 is simpler and follows in the same way. The normalization 

of A in this case is the ring A^ = Yl R/xi. We describe the various Kahler 

l<i<d+l 

differentials in terms of generators and relations. We fix a few notations. 
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For 1 < z < ri+ 1, let 

Oj = '^■^i ~ ^-^^i ■ ■ ■ d^i-i A dxi^i A • • • A dxd^i. 

For 1 < i < j < c? + 1 , we let 

dYij = dxi A ■ ■ ■ dxi^i A rfxj+i A ■ ■ ■ A dxj_i A dxj+i A ■ ■ ■ A (ix^+i. 
Finally, we put dw = dxi A ■ ■ ■ A dxd+i- We then have 

i<i<d+i 

CD Rdxi 

„1 l<j<(i+l 
Ha 



© a"~^^Rdxi, ^ a^ttidxi 

l<i<d+l l<i<d+l 



^A^/fc= ( ® {Rlxi)dxA 



l<i<d+l 

Taking the various exterior powers, we get 

® RdXi 

_ l<i<d+l 



© a"+ii?(iXi, © a^'aidxi A dYij 

l<i<d+l i<i<j<d+li<i<d+l 

n^jv/i. = © R/xidXi and 

' l<i<d+l 
^d+1 ^ 

An+l/k 



a'^+^Rdw, © Ra^aidw 

l<i<d+l 

It can now be directly checked from the above description that the differential 
map d : A^)/k ~^ ^It+i/fc surjective and there is a surjection ^^^^^/^ 

— — ^^T- We omit more details. This finishes the proof of the lemma. □ 

R/K 

Corollary 4.3. For every n>l, the natural map 



^ ' ^ ^ Ht^ E 



d 

E/k 



Zar I r,d-l 
E/k, 



is an isomorphism. 
Proof. Using the exact sequence 

(^d 
nE, ^ 0, 

^''nE/k/ 
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it suffices to show that the map 

TTd ^nE/k \ ^ ( jp ^E/k 

\ ^^nE/kJ \ ^''E/k, 

is an isomorphism. 

By Lemma 14.11 we can replace E hj E. It is easily seen from the above calcu- 
lations that the map ^^E/k ~^ ^E/fc surjective. Thus we have an exact sequence 
of sheaves 

{nE,E)/k _^ ^^nE/k _^ "s/fc _^ ^ 



r\d—l 

^\nE,E)/k ^^nE/k ^^E/k 

Hence, we only need to show that (nE, "^"t^''"' ) = 0. By Lemma KM it 

suffices to show that Ei^ar ^x/k ® ^nE^ = for all n > 1. 
Since ^H'^^^ (^X, u^x/k ® ^nE^ | is an inverse system of surjective maps of finite- 
dimensional fc-vector spaces, the map 

n 

is surjective for each n > 1. Hence, it suffices to show that the inverse limit 
vanishes. However, this inverse limit is isomorphic to H^^^. (^X, W^f^u^^f^ by the 

formal function theorem. On the other hand, R^f^^u^ik is zero by the Grauert- 

Riemenschneider vanishing theorem (cf. [201 p. 59]). This completes the proof of 
the corollary. □ 

Lemma 4.4. Let f : X ^ X be a resolution of singularities of a normal projective 
k-variety of dimension d + 1 > 2 with only isolated singularities as above, with 
reduced exceptional divisor E. Then the natural map 



d 

E/k 



is an isomorphism. 

Proof. By the formal function theorem, it suffices to show that 



.TTd / p ^E/k 

E/k, 



is an isomorphi sm. 

By Corollary 14. 3[ we only need to show that the map 



r^^-H^'^^x/.^^-; HL,(nE,ntE/k 
(4-1) — 7T3 Urn 



hm/7l, (X, ® O^e) ^ (nE, fi^"),) 
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is an isomorphism. We consider the following diagram of exact sequences. 



Tjd 
'^Zar 



■2nE/k 



)d-l \ 



^^nE/k J 



^0 



.E/k 



1-2nE 



y X/k 



The exactness of these sequences follows from the right exactness of correspond- 
ing sequences of sheaves and the fact that all the underlying sheaves are sup- 
ported on E. The left vertical map from the first factor of the direct sum is the 
quotient map and hence surjective. Taking the inverse limit over n, using the 
Mittag-Lefier property of these cohomology groups, and using the isomorphism 

l^Ht, (X, ® O^ue) ^ l^mHi,, (X, Q't^l ® OnE) , we obtain 



n 



— > l^m 



ffd 

n Zar 



^ lim f^^ 



' nE/k J 



This completes the proof. 



Lemma 4.5. Let f : X X be as in Lemma \4^\ Assume that H'^l ^X, 



□ 



— > 



Hl\l [x, . Then the natural map H^H [x, Q 

isomorphism. 

Proof. We first observe that the map 

(4.2) Hi-^J {X, fiV/^) ^ H'J,' {X, ^]^/^) 



d+l 



cdh 



XM 



x/k 



IS an 



is surjective for all z > and all subfields F C A; by Proposition 2.6]. In 

^X/k) 



particular, H'^^h (^'^x/l) ^ H'^dh (^'^l^/fc)- ^he Leray spectral sequence for 



/, applied to the sheaves f^^^^, for the Zariski site, gives the exact sequences 

for all i > 0. Applying this for i > d — 1 and using our assumption, we then get 
an exact sequence 



/k 



HLr {x, ^ Hi-J {X, h^-J (x, 



X/k 
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We now compare this with the similar Mayer- Vietoris exact sequence for the cdh 
cohomology to get a commutative diagram of exact sequences 



X/k 



TTd ( V Cid \ i ^cdh{^^^i/k) ^ rjd+l ( Y Od \ V. W'^+l ( Y 



The left and the right vertical maps on both ends are isomorphisms by fi2\ Corol- 
lary 2.5]. The second vertical map from the left is an isomorphism by Lemma [4.41 
and Corollary 13.41 Hence the remaining vertical map is also an isomorphism by 
5-lemma. □ 

For the remaining part of this section, recall our convention that a Kahler differ- 
ential (or Hochschild and cyclic homology) without the mention of the coefficient 
field means that the underlying field is taken to be Q. 

Corollary 4.6. Let X be as in Lemma \4-4\ such that H'^l ^X, f^^/^ j = for 

{] < i < d — 1. Then H'^^^ {X, Qx) = /^'^ the Zariski or the cdh-site and for any 
i < d ~ 1. Moreover, the map {X, fi^) — )■ Hf^^^ (X, fi^) is an isomorphism. 

Proof. For the first assertion, we only need to show the vanishing of the Zariski 
cohomology by (14. 2p . The case z > is part of the assumption. For any z > 1, 
there is a filtration {-^•'f^x}o<i<i ^^"^^ ^^^^ there is a surjection 



X 



which is an isomorphism on Xsmooth and this latter set is finite. Hence the first 
assertion follows from our assumption and an easy induction onl<i<d— 1 
and < j < i. Furthermore, this also implies that the map H'^^^ (X, — t- 

]jd+i i^x/j^^ is an isomorphism for both Zariski and cdh-sites. The second 
assertion of the corollary now follows from Lemma 14.51 □ 

The following is the main result of this section. 
Proposition 4.7. Let X be a normal projective k-variety of dimension c? + 1 > 2 
with only isolated singularities such that H'^l ^X, = for < i < (i — 1. 

Then the natural maps 

HCi;'^'\x) ^ H°^^ (X,-HC('^+i)) and 

Hc^^lix)^iil,, {x,m^'^) 

are respectively surjective and isomorphism. 

Proof One knows that HCI'\A) = VL'JVL'X^ and HCf{A) = for j > i for any 
local ring of X (cf. [44, Theorems 4.6.7, 4.6.8]). Hence the spectral sequence 

El^'^ = (X, HCx,,) HC^p^,{X) 
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gives isomorphisms 

(4.3) Hd'l (X) = Hi^J (X, HC^f) and if C^'^ (X) = H'^H (x, T/ciJ'^ 

On the other hand, it follows from [12, Theorem 2.2] that 
(4.4) 

{X, nC^'^'^) = Ml2' (X, Qf^') and H^, (X, UC^'^) = H^^' (x, 



Lemma [2.51 now implies that there are commutative diagrams and exact sequences 

H^l'{x,nr)^^'.,, (x,HC('^+^)) 
H'z'J {X, nj,-') ^ Hi'J (X, fii) Hd'liX) 

H'A' {X, fii^^) ^ (X, fii) ^ el,, (X, HC('^)) ^ 0. 

The left vertical map in the top square is surjective by 04.21) . This proves the first 
assertion of the proposition. Observe that we have not used the conditions of the 
proposition until now. In particular, the first surjectivity always holds. 

Now assume the given conditions. In this case, the ter ms o n the left ends of both 
the rows in the bottom diagram are zero b y C orollary 14. 6[ The middle vertical 
map is an isomorphism again by Corollary 14.61 Hence the right vertical map is 
also an isomorphism, proving the second assertion. □ 

5. fC-THEORY AND i^'if-THEORY OF SOME SINGULAR SCHEMES 

Recall from Theorem 12.11 that the Chern character from the algebraic i^-theory 

to the negative cyclic homology induces a natural weak equivalence /C(X) = 

fl~^T-LC{X) for any /c-scheme X. In particular, there is a homotopy fibration se- 
quence 

^(x) ^ HC(x)[-i] m,,h {x,nc) [-1]. 

In particular, the homotopy groups of /C(X) have A-decomposition such that the 
above gives a long exact sequence of homotopy groups which preserves this decom- 
position (cf. [T3]). Thus we have ^„(X) := n„jC{X) = ^kL'\x). 

i 

Lemma 5.1. Let X be a k-scheme of dimension d + 1. Then there is an exact 
sequence 

Proof. We have the following long exact sequence coming from the above fibration 
sequence. 

Hclf^'\x) ^ e",, (x,HC('^+i)) -> K^o''^^\x) ^ Hd^l{x) ^ ml^^ (x,hc(^)) . 

The lemm a no w foll ows from the iden tification of various terms in this exact se- 
quence in (14. 3 p and (14.41) . Lemma [2.51 and [12^ Theorem 2.6] (cf. proof of Proposi- 
tion HZD- □ 
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Proposition 5.2. Let X be a normal projective k-variety of dimension d + 1 > 2 
with only isolated singularities such that H'^l ^X, fi*^^^ j = for < i < (i — 1. 

ThenK^^^^\x) = 0. 

Proof. Follows directly from Lemma 15.11 and Proposition 14.71 □ 

5.1. Gamma filtration of K,,{X). Recall from [50] that for any fc-sclieme X of 
dimension d, there are natural 7-operations 7-' on K^:{X) which naturally define 
the Adams operations ip^ : Kn{X) — i- Kn{X) for each n and for j G Z. All these 
operations commute with the pull-back maps on fC-groups of schemes. These 
7-operations define a natural decreasing filtration 

= F;+i+'^ir„(X) C F;+'^ir„(X) C . . . C F^^Kn{X) = K„{X) 

such that F^Ko{X) is the subgroup of Kq{X) generated by vector bundles of 
virtual rank zero. Our purpose here is to describe F^Kq{X) in terms of algebraic 
cycles for certain singular schemes. This description will be later used in this work 
to study the Chow group of zero-cycles on such schemes. 

We further recall that Kn^Q^X) := Kn{X) ®i Q has a canonical decomposition 

ii'„,Q(X) = _K'^*q(X) in terms of the eigenspaces of the Adams operators ip^ 

i 

(which does not depend on j). This Adams decomposition is related to the 7- 
filtration by the natural isomorphism 



F^+^Kn,Q{X) 



In particular, one has 

(5.1) i^r'^n,Q(X)=ir53+'^)(X). 

The following is the generalization of the Grothendieck Adams- Riemann-Roch the- 
orem for Kq {of. |26]) to the higher /^-theory of singular schemes. 

Theorem 5.3. Let Y ^ X be a regular embedding of quasi-projective k-varieties 
of codimension d > 1. Let Ny/x denote the normal bundle ofY in X. Then for 
any n > and j G Z, the diagram 



Kr,{X) —^K^{X) 

is commutative, where 6^ 's are the cannibalistic operators (cf. [501 Section 4.5]/ 
Before we prove this theorem, we prove the following result on the deformation 

to the normal cone of the regular embedding Y ^ X. Let X' = F{Ny/x © C^y), 
M = BIy x{oo}{X X P^) and consider the following deformation to the normal cone 
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diagram. 

(5.2) 




> r X i — Y 



X' 



In this diagram, all the vertical arrows are the closed regular embeddings, iq and 
ioo are the obvious inclusions ofYinYxF^ along the specified points, i and j are 
inclusions of the inverse images of and oo respectively under the map vr, u and 
/' are are zero section embeddings and py is the projection map. The map is 
the composite M — X x — X. In particular, one has Py ° io = Py ° "ioo = idy 
and (f) o h = idx, ■ 

Lemma 5.4. Consider the diagram (15.21) and let y G Kn{Y). Then there exists 
z G Kn{M) such that f^{y) = h*{z) and f\{y) = i*{z). 



Proof. Put y 

fM = 



= PY*{y) and z = F^:{y). Then 

/* {{py oio)*{x)) 
f* o io* o Py* (y) 



f* o W* o f* {y) 

u*oF'^ (r m 

u*oj*oF^ (y) 
h* o (y) 



f* o ^0* (y) 



h*{z). 



(since j is an open immersion) 



Similarly, 



f'M 



= i*oF,{y) 
= 

Here, the fifth equality in the first array and the fourth equality in the second 
follow from [56*, Proposition 2.11]. □ 

Proof of Theorem 15.31 This theorem for Kq was proven in and was 
also proven in an axiomatic way in [221 Theorem 6.3] using the method of the 
deformation to the normal cone. The proof for the higher i^-theory can also be 
given using this method. We only give a brief sketch and leave the details to the 
readers. If / is the zero-section embedding for a vector bundle X — )■ F, then this 
is proven by Soule (cf. [5Ql Theorem 3]). Actually, Soule assumes X and Y to be 
smooth, but the proof of this particular case of the zero-section embedding goes 
through even in the singular case. 

Following the axiomatic approach in [221 Chapter II, Theorem 1.2] for ii'o, the 
general case is deduced from the above using the above deformation to the normal 
cone diagram. The reader can check in ioc. cit. that the general case for the higher 
i^'-theory follows directly from 
[i) the general case for i^o, 
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(a) the zero-section embedding case for higher i^- groups and 
{in) Lemma [531 

once we have the projection formula for the push-forward and pull-back maps on 
the higher i^T-theory for a local complete intersection morphism. But this is al- 
ready shown in [46]. We refer to [22l Theorem II. 1.2, Lemmas V.6.1, 6.2] for more 
detail. □ 

Corollary 5.5. Let Y ^ X be as in Theorem \5.3[ Then for any n,i >0, one has 

Proof. This follows directly from Theorem 15.31 exact ly in the same way as is proven 
for Ko in [221 Proposition V.6.4]. □ 

For more applications, recall that (cf. [53]) for a /c-scheme X, there are Brown- 
Gersten spectral sequences 

(5.3) Ef'" = i^L, (X, /C,) K^,.,{X). 
There are similar spectral sequences (cf. [251 Theorem 1]) 

(5.4) Sf'^ = H^^,, {X, /C,) ^ KH^,_,{X) 

for the KH-i\ieory, and there is a natural morphism from the first spectral sequence 
to the second. This induces the associated Brown filtration (as called so in [25] ) 
on these i^'-theories. 
Let X be a quasi-projective fc-variety of dimension d and let s G X be a smooth 

closed point of X. Then {a;} A- X is a regular embedding and hence there is a 
natural map i^, : Z = Kq{{x}) — )■ Kq{X). Let F'^Kq{X) denote the subgroup of 
-K'o(X) generated by the images of the classes of smooth points via these maps. 

Corollary 5.6. Let X he a quasi-projective k-variety of dimension d. Then 
CH\X) ^ F'^K^iX) F^KoiX) ^ F^Ko{X). 

up to torsion. 

Proof. The first surjectivity is already known and can be easily proved from the 
definitions of the terms. The second inclusion follows from Corollary 15.51 and third 
inclusion follows from [25l (26), p. 138]. □ 

Corollary 5.7. Let X be a normal quasi-projective k-variety of dimension d with 
only isolated singularities. Then there are isomorphisms 

Hl^^ (X, }Cx,d) = CH\X) - F^Ko(X) - F|Ko(X) - F^K,{X) 

up to torsion. 

Proof. The first two isomorphisms are already known (cf. [2] and [ID])- The Brown- 
Gersten spectral sequence implies that there is a surjection H^^^ (X, lCx,d) 
F^Ko{X) and hence must be an isomorphism because of the first two isomor- 
phisms. The remaining isomorphisms now follow from Corollary 15.61 □ 

Theorem 5.8. Let X be a normal projective k-variety of dimension d with only 

isolated singularities such that H'^^^ ^X, ^x/k^ ~ ^ fori < d — 2. Then the natural 

map Kq{X) — )■ KHq{X) induces the inclusion 

CH'^{X) A F^KoiX) ^ F^KHo{X). 

up to torsion. 
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Proof. If (i = 1, this is well known, so we assume d >2. The natural map from the 
first to the second spectral sequence above gives the map F^Ko{X) — )■ F^KHq{X). 
To prove its inclusion, we can replace F^Kq{X) by F'^'-)Kq{X) by Corollary 15.71 

This group can in turn be replaced by k'^^{X) by (15. ip . We have seen earlier that 

there are A-decompositions on Kq{X) and Kq[X)., and there is a fibration sequence 

of spectra K{X) — )■ K{X) — )■ KH{X) by Corollary 12.21 This fibration sequence 
in particular yields an exact sequence of eigenspaces 

Kif\x) ^ Ki;;iiX) ^ F'^KHoiX). 

Thus we only need to show that K^^^ (X) = 0. But this is proven in Proposition l5.2[ 

□ 



6. cdh COHOMOLOGY AND HODGE THEORY OF SINGULAR SCHEMES 

We shall assume the ground field k to be the field of complex numbers C for 
the rest of this paper. For a C-scheme X, we shall denote its associated analytic 
space by Xan. For simplicity of presentation, we shall assume all C-schemes to 
be quasi-projective for the rest of this work. If A is an abelian group, then the 
analytic singular cohomology if*(Xan, A) will be simply written as H*{X, A). For 
a chain complex J-"* of presheaves of abelian groups on the analytic, Zariski or the 
cdh-site, we shall consider J-"' also as a presheaf of Eilenberg-Mac Lane spectra 
and write RT (-, J^') as H (-, J^'). 

The Hodge theory of singular schemes was invented by Deligne in and pH 



where he showed using Hironaka's resolution of singularities that for every C- 
scheme X, the analytic cohomology H*{X,'Z) has a mixed Hodge structure and 
hence is equipped with a natural weight and Hodge filtration. This was achieved 
by showing the descent property of the singular cohomology: if X, A X is a 
smooth and proper simplicial hypercovering, then the map Zx — ?• -Rvr* (Zx. ) is 
a weak equivalence. Our purpose here is to interpret the Hodge theory and the 
Hodge cohomology of X in terms of the cdh cohomology of the algebraic Kahler 
differentials. We show in particular that for a singular projective C-scheme X, 

there is a natural isomorphism H*^^ (^X,Q*j^^^ = H*{X,C) such that the Hodge 

filtration corresponds to the Betti filtration on the cdh cohomology. We deduce 
several consequences which are later used to study the Chow groups of zero-cycles 
on such varieties in terms of cdh cohomology of differential forms. 



6.1. cdh-descent for Du Bois complex. Let X be a C-scheme and let X, X 
be a smooth proper hypercovering of X. Let 

(6.1) Q'x ■■= R^* (^x./c) • 

This complex was invented by Du Bois in pK]. He showed that is a filtered 
complex of sheaves with quasi-coherent cohomology sheaves such that 

(6.2) F'Vr^ = Rtt, (^^|1/c[-«]) and 

In particular, Q'x G D{qc/X), where D{qc/X) is the derived category of quasi- 
coherent sheaves on X. If X is projective, then Q'x has coherent cohomology 
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sheaves. The exact triangle 

(6.3) [^-x./c\-A) ^ R^* (^x./c) ^ R^* (^xi/c) 

now shows that 

(6-4) ^ = R^. {^tic) ■ 

We let 

Lemma 6.1. Let X be a C-scheme of dimension d. Then 

F'^n\ ^ Rf*^'x/c and F'n\ = in D{qc/X) for i > ci + 1, 

where X ^ X is any resolution of singularities of X^-ed- 

Proof, cf. [iHl Proposition 4.1]. □ 
Lemma 6.2. For any C-scheme X and i > 0, the natural map 

Mzar (X, F'n'j,) ^ m,dh (X, F'n'^) 

is a weak equivalence. 

Proof. We prove by a descending induction on i > 0. We know from Lemma 16.11 
that -F'^^^O.x = 0, where d is the dimension of X. In particular, F'^^l'x ^ 
GrpQ'x = ^^x[~d]- On the other hand, we have for any i > 0, 

'^cdh{X,Q,x) = Mcdh (x, Rtt^Q''-^^^^ 

= ^cdh y^»,^x./cj 
= ^Zar (X,, ^x,/cj 
= ^Zar {X, RtT^VL'"^^!^ 
= '^Zar {X,^Yx) 5 

where the third equality follows from fi2\ Corollary 2.5] since X, is smooth. This 
in particular proves the result for F'^Q'x- Let us now assume that the lemma holds 
for F-'^^^Q'x and consider the commutative diagram of exact triangles 

Mzar (X, F'+^ni,) ^ Mzar {X, F^n'^) ^ Mzar {X, iYx) H] 



e,rf^ (X, F^+'n'x) ^ ^cdh {X, F^n^) ^ H,,;, (X, iYx) [-t] 

The left vertical map is a weak equivalence by induction and we have just shown 
that the right vertical map is also a weak equivalence. Hence so is the middle 
vertical map. □ 

For a C-scheme X, let ^x/c denote the filtered de Rham complex of X with 

the Betti filtration F^Q,'j^^^ = Q^^^^[—i] and GrpQ.'j^^^ = ^l^j^^^[—i]. Note that this 

is a finite filtration as X is quasi-projective. The morphism X, ^ X induces the 
natural map of filtered complexes 

(6.5) {n'x/c,F)^{n'^,F), 
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which gives rise to the map of filtered complexes 
(6.6) {a*n'^/^,F)^{a*n^,F). 

These maps are known (cf. |I8j) to be weak equivalences if X is smooth. For 
singular schemes, they are related by the following. 

Proposition 6.3. (cf. Lemma 7.1]) The above map induces the weak equiva- 
lence 

^cdh {X, F^^x/c) ~^ ^Zar , F^^Tx) 

for every i > 0. 

Proof. By Lemma 16. 2^ we can replac e th e right hand side by the corresponding 
cdh hypercohomology. As in Lemma 16. we prove by a descending induction on 
i. We first show the statement of the proposition for the graded pieces. Since we 
are now working with the cdh cohomology, we can assume that X is reduced. We 
use an induction on the dimension d of X. If = 0, then X is smooth and hence 

the statement is obvious. So suppose that d > 1. Let X — )■ X be a resolution of 

singularities of X. Let S ^ X denote the singular locus of X and let S ^ X be its 
inverse image. Then descent property of the cdh cohomology gives a commutative 
diagram of exact triangles 

^cdh {s, ^]|/^) [-1] ^ H,,;, (x, fi^/c) ^ ^cdh [x, fi^^^) © m,ah [s, ^r,^^^ 



^cdh [s, ^r~^ [-1] m,,,h {x, fi^) — > m,^,, (x, fi^) © e,,^ {s, n^s) , 

where the left and the right vertical maps are weak equivalence by induction on 
dimension and by the smoothness of X. Hence the middle one is also a weak 
equivalence. Now suppose the proposition is proven for F-*"*"^ and use the same 
argument as in the proof of Lemma [6.21 to get the proof for F\ □ 

We now collect some important consequences of the above comparison results. 

Corollary 6.4. For any C-scheme X and any n > 0, there is a natural isomor- 
phism 

C (X, ^ (X, C) . 

If X is projective, there is a spectral sequence 



E'{' = HldH {x,n'x/c)^H^^'ixx). 



Moreover, this spectral sequence degenerates and the induced filtration on H*{X, C) 
coincides with its Hodge filtration. 

Proof. It follows directly from Proposition 16.31 and [T8| Theorem 4.5]. □ 

Corollary 6.5. For a projective C-scheme X , the Hodge filtration on if"(X, C) 
is given by 

//"(X, C) = F^H'\X, C) D ■ ■ ■ F'^H'^X, C) D F''+^H''{X, C) = 0, where 

^cdh l^>"x/cj • 



F^+iif"(X,C) 
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Moreover, there is a natural isomorphism 

H«,, (X, ^ H,,, (X, F^n^) ^ F^H^ (X, C) 

for all n,i > 0. 

Proof. The first assertion follows at once from Corollary I6.4[ For the second, we 
use the isomorphism — -R^* (^^x./cH^l) 06.21) . which gives 

where the first isomorphism follows from Proposition 16.31 and the last isomorphism 
follows from (1),(3)]. This proves the second assertion. □ 

Another consequence of Proposition 16.31 is the following simple criterion for the 
Du Bois singularities of a variety. 

Corollary 6.6. Let X be a quasi-projective variety over a field k of characteristic 
zero. Then X has Du Bois singularities if and only if 

for all i > 0. 

Proof. Recall from [51] that X is said to have Du Bois singularity if the natural map 
Ox — is a quasi-isomorphism. By the Lefschetz pencil argument {of. |47j ) . 
we can assume the base field to be C. But it is then an immediate consequence of 
Proposition 16. 3[ □ 

The following well known fact is a simple consequence of Proposition 13.31 and 
Corollary 16.61 

Corollary 6.7. A normal crossing singularity is Du Bois. 

Remark 6.8. There have been a lot of work by various people on Du Bois singu- 
larities, partially due to the complicated nature of the Du Bois complex 1]^. One 
hopes that the above criterion of such a singularity in terms of the cdh cohomology 
of the structure sheaf might play a useful role in the study of Du Bois singularity. 
For example, it was conjectured by KoUar (proven now by Kollar and Kovacs |31j ) 
that the log canonical singularity is Du Bois. One could ask if the above criterion 
would help in simplifying the proof of [31j. 

6.2. Deligne complexes. Recall from and [31 Section 1] that for a projective 

C-scheme X and for the morphism of analytic sites X,an — > ^an, the Deligne 
complex of X is defined as the complex Zx)(g) = Rn* (Zx),x. (<?)), where 

(6.7) Z^,x.(g) := {m ^Ox.^^'x.^---^ ^7^) 

is the Deligne complex of the smooth simplicial scheme X,. In particular, there is 
an exact triangle 

(6.8) i?7r, (fi<^) [-1] ^ Zp(g) ^ Z(g). 
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It follows at once (using GAGA) from ([6? 
exact triangle 



and Proposition 16.31 that there is an 



(6.9) 



[-1] ^ RKZ-Diq) ^ RKZ{q), 



where Xan Xzar is the usual morphism of sites. The Deligne cohomology groups 
of X are defined by HJ^, (X, Z(g)) := (X„„, Zp(g)). 

For singular C-schemes, Levine PT] had introduced a modified version of the 
classical Deligne cohomology. It turns out that there are Chern class maps from 
the algebraic ii"-theory to this modified Deligne cohomology which detect more 
nontrivial elements in the ii"-groups of the singular schemes than the above classi- 
cal Deligne cohomology. We refer to |3l] for some applications of the Chern classes 
into the modified Deligne cohomology. For a projective C-scheme X, the modified 
Deligne cohomology groups H^* (X, Z(g)) are defined as the analytic hypercoho- 
mology of the truncated complex 



(6.10) 



(27ri)' 



> Ox — ^ ^X/C 



For a morphism F — )■ X of schemes, the relative modified Deligne cohomology 
groups H^^* ((X, F), Z(g)) are defined as the hypercohomology of the complex 

Cone{Zv*,x{q) ^ Rf*Zj,*,Y{q)) [-!]• 

It is clear from the definition that the modified Deligne cohomology agrees with 
the classical one for smooth projective varieties. In particular, a smooth proper 

hypercovering X, A X defines a natural map Zx). (g) — )■ Zx)(g). Moreover, it 
follows from (16. 9p that there is a commutative diagram of exact triangles 



(6.11) 



[-1] 



i?a*fi<^c) [-1] ^ RKZviq) ^ RKZ{q). 
Lemma 6.9. There is a commutative diagram of long exact sequences 



Zar I "X/C 



XM 



-J- 



H^t^ (X, Z(g)) ^ (X, Z) ^ H^J U, 1]<J^ 



y1 



^ FiH"(X,C) 

where the are all surjective. 



(X, Z(g)) ^ (X, Z) ^ 



Proof. The exact sequences and commutative diagram follow from (16. lip and 
Corollary 16.51 To prove the required surjectivity, we consider the commutative 
diagram 



W^,, (X, ^ ^Zar [X, n 



<q 
x/c 



4 F^iJ" (X, C) > (X, C) 



H"(X,C) 
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The bottom sequence is exact and J^h"{xc) ~ ^cdh ^x/c) Corollary 16.51 

On the other hand, the composite map Cxa„ — ^ ^*Xan ~^ -^^*^x.an is an iso- 
morphism by the cohomological descent of analytic cohomology and the de Rham 
theorem. In particular, the left vertical map is split surjective. Hence the right 
vertical map is surjective too. □ 

6.3. Intermediate Jacobians and Abel-Jacobi maps. For a projective C- 
scheme X of dimension d, the classical pth intermediate Jacobian is defined as 

(6.12) r{X)- l^'^WJ ^ V / 



FPH-^P-i (X, C(p)) + iJ2p-i (X, Z(p)) i72p-i (X, Z{p)) ' 

where the second isomorphism follows from Corollary 16.51 If X is smooth, the 
intermediate Jacobian can also be written as J'^{X) = ^2p-i(x'z) • particular, 
this is a real torus. In fact, one knows that this has a complex structure which 
makes it a complex torus. In general, J^{X) does not admit a polarization, i.e., 
it is not an abelian variety. However, in case W'^{X) = for |i — j| > 1 and 
i + j = 2p — 1, then, Jp(X) is indeed an abelian variety (cf. [131 P-171, 172]). 
We conclude in particular that J'^~^{X) is an abelian variety if H'^{X, f2^) = for 
0<i<d-2. 

For a smooth and projective C-scheme X of dimension d and p > 0, let Ap{X) = 
CHP{X)^j^g be the subgroup of CH\X) consisting of algebraic cycles which are 
algebraically equivalent to zero. Let CH^i^X)^^ be the subgroup of homologically 
trivial cycles in CHp{X), i.e., this is simply the kernel of the topological cycle class 
map CHP{X) -> H^p{X,Z). One knows that Ap{X) C CHp{X)^^^ C CHp{X). 
There are Abel-Jacobi maps 

(6.13) CH^iX),^^ ^ r{X). 

Let Ja{X) denote the image of y4^(X) under the Abel-Jacobi map. Then Ja{X) 
is an abelian subvariety of J^(A). Recall that the famous Hodge conjecture says 
that the topological cycle class map CHp{X)q H^p{X, Q) n Hp{X, fi^) is sur- 
jective. This conjecture is known for p G {0, 1, d — 1, d}. We now recall the general 
Hodge conjecture. 

For any / > 1 and p > 0, let 

FPH'iX, Q)= \J Ker {H'{X, Q) ^ H'{X ~ Y, Q)) . 

codimx P 

It is known that FpH\X, Q) has a Hodge structure and 

FPH\X, Q) C FPH\X, C) n H\X, Q). 
The general Hodge conjecture says the following. 

Conjecture 6.10. (GHC(p,l, X)) FpH^{X,Q) is the largest sub-Hodge structure 
of FPH\X,C)^H\X, Q). 

There are few cases when this conjecture is known. On case which interests us 
is when A is a hypersurface in of degree < 4. In this case, G'ifC(l,3,A) is 
known (cf. [l3l Chapter 7.IX]). It is also known for any smooth projective variety 
X that GHC{p — l,2p — 1, A) is equivalent to saying that Ja{X) is the largest 
abelian subvariety of Jp{X). We conclude: 
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Corollary 6.11. Let X be a smooth projective variety of dimension d such that 
H'^{X, n)^) = for0<i<d~2. Then 

GHC{d-2,2d-3,X) ^ Jt\X) = J'^-\X). 

Now we come back to the general case of singular projective schemes. Suppose 

X is a singular projective C-scheme of dimension d. If X — )■ X is a resolution 

of singularities of X, then the isomorphism H'^'^ {X , Z{d)) ^ H'^'^{X ,X{d)) and 
Lemma 16.91 yields an exact sequence 

(6.14) -> J'^(X) ^ Hl^ (X, Z{q)) H^^ (X, Z{d)) 0. 

We define the pth generalized intermediate Jacobian as 

It follows from Lemma 16.91 that the natural map (X) — ?► J^\X) is surjective. 
J^{X) and J'^(X) are also called the generalized albanese and the albanese varieties 
of X. In fact, one knows from j2Tl Theorem 2] that Jf{X) is a commutative 
algebraic group over C and J'^(X) is its universal semi-abelian quotient variety. 
Recall from [21] that the Chow group of zero-cycles CH'^{X) is defined as the free 
abelian group of smooth closed points of X modulo the subgroup generated by the 
cycles defined by the rational functions on all the Cartier curves on X. We refer to 
ioc. cit. for the complete definition. Let A'^{X) = CH'^{X)^^^q denote the kernel 

of the map CH^{X) ^ H^'^{X,Z). We have seen in (O) that there a regular 
map A^{X) ^ Jt{X) which is a universal regular quotient. 

7. Chern Classes on KH-twory 

Recall from [4J (see also [21], [3]) that for a C-scheme X, there are natural Chern 
classes 

(7.1) c,,p : i^2,-p(X) (X, Z(g)) , 

which have all the functorial properties with respect to the pull-back maps on K- 
theory and Deligne cohomology. These functorial properties also define such Chern 
class maps from the relative iiT-groups to the relative Deligne cohomology. Gillet 
[23] has constructed universal Chern classes into generalized cohomology theories 
of which the above is a special case. It was shown in [5T] that the modified Deligne 
cohomology also satisfies Gillet 's conditions for being a generalized cohomology 
theory and hence there are functorially defined Chern classes 

(7.2) c;^:ir2,-p(X)->H?,.(X,Z(g)) 
such that the diagram 




(7.3) K2,-p{X) nl, (X, Z(g)) > H?, (X, Z(g)) > (X, Z(g)) 




top 



commutes, where c^°^ is the topological Chern class. 
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Proposition 7.1. For any C-scheme X , there are Chern class maps 

such that the composite K2q-p{X) — )■ KH2q-p{X) — > H^, (X, Z(g)) is the Chern 
class map of (17.11) . Furthermore, these Chern classes are functorial with the pull- 
back maps of (relative) KH -theory and the Deligne cohomology. 

Proof. The Chern classes from the homotopy invariant /^-theory are obtained by 
comparing it with the descent i^-theory of ^5]. It was shown in [l5l Theorem 4.1] 
that the algebraic i^-theory functor /C : {Sm/C)°^ — )■ HoSp from the category 
of smooth schemes over C to the homotopy category of spectra is a functor to a 
descent category in the sense of Guillen-Navarro [27J. Hence it uniquely extends 
to a functor )CV : {Sch/C)°^ — )■ HoSp which satisfies the descent property in the 
sense that if X, A- X is a Guillen-Navarro smooth proper hypercubical resolution 

of X, then /CP(X) 4 IC{X,). One defines KDi{X) = m {JCV{X)). 

Using the cd/i-descent property of i^'if-theory (cf. [2H]) and the uniqueness of 
the descent i^-theory, it was shown in ioc. cit. that there is a weak equivalence 
KH{X) = KD{X) of spectra. To see that the Chern class maps of (17.11) descend 

to KD{X), we choose a proper smooth hypercubical resolution X, X as above. 
This gives natural maps 

KD2g-p{X) ^ KD2,-p{X.) ^ K2g-p{X.) 

ml (X, Z(g)) > ml (X., Z(g)) 

giving the desired factorization. The functoriality of c^ now easily follows from the 
above using similar properties the usual Chern classes of smooth schemes. □ 

Recall that the descent spectral sequence (15.41) induces a functorial Brown fil- 
tration F^ on the i^if-theory. Since we shall be considering only this filtration on 
KH^:{X), we shall drop the subscript and simply write F'KH^.{X). 

7.1. Milnor and Quillen f^-theory. Recall that for a C-algebra A, the Milnor 
i^'-theory Kl\A) is the quotient of the tensor algebra T[A*) of units in A over Z by 
the two-sided ideal generated by homogeneous elements {a® {1 — a)\a,l — a G A*}. 
For any variety X over C, let IC^x denote the sheaf of Milnor K- groups on X. 
This is the sheaf associated to the presheaf which on affine open subsets of X is 
given by above. In particular, its stalk at any point x of X is the Milnor if-group 
of the local ring Ox,x- For any closed embedding i : F ^ X, let JC^(^xy) ^® 
sheaf of relative Milnor i^-groups defined so that the sequence of sheaves 

(7.4) ^ IC^^^^^y^ ^ /C^^,^ -> ^.(/C^V) ^ 

is exact. Note that the map /C^,x ~^ ^*(^m,y) is always surjective. 

There is a natural map of i^'-theory sheaves JC^x ~^ ^*,x for any variety X, and 
it is known (cf. [50j) that this map is injective up to torsion and the Milnor K- 
sheaves are the smallest piece of the gamma filtration on the corresponding Quillen 
i^-sheaves. It is well known (ioc. cit.) that the Chow groups of algebraic cycles on 
smooth varieties can also be described as the cohomology of Milnor /C^^-sheaves. 
The results of [33] and [35] suggest that similar identifications should be valid for 
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singular varieties as well. In fact, we strongly suspect the following which seems 
to be believed by experts. 

Conjecture 7.2. For a quasi-projective scheme X of dimension d over an alge- 
braically closed field k of characteristic zero, there is an isomorphism 

CH\X) = Hi,, {X, /Cf ) . 

One also believes that H^,, [X, /Cf ) is in general smaller than H^,, (X, /C^). 
However, there is one case where they coincide. We refer to [331 Corollary 4.2] for 
a proof. 

Proposition 7.3. Let X be an affine or projective variety of dimension d over C 
with only isolated singularities. Then 

CH\X) - ifl, (X, /Cf ) = i/l, (X, /C,) . 

We shall also need the following comparison result for the cohomology of Milnor 
and Quillen i^T-sheaves on smooth schemes. 

Lemma 7.4. Let X be a smooth C-scheme of dimension d. Then for any i>Q, 

Hkr {X, /Cf ) ^ iJL. (X, /C.) for J > z - 1. 

Proof. This follows directly by comparing the Gersten resolutions for appropriate 
/C*^ and /C-sheaves and using the fact that Kf\R) = Ki{R) for any local ring R 
over C and for < i < 2. The Gersten resolution for the Milnor i^- sheaves is 
proven in [30]. □ 



For a quasi-projective scheme X of dimension d over C and i > 0, let 

(7.5) F'^Kt'iX) := Image (i^l, [X, /C*^,) ^ UX)) , and 

F'KHf'iX) := Image [Hf,^ (X, /C*^,) ^ KH,{X)) . 

Note that these maps are induced by the natural maps from Milnor sheaves to 
Quillen sheaves followed by the maps induced by the Brown-Gersten spectral se- 
quences. 

For the rest of this paper, we choose and fix the following resolution of singu- 
larities diagram for a projective C-scheme X of dimension d. 

(7.6) E^X 



f 



f 



S^X, 

where S = Xging and E = f~^{S) is the reduced exceptional divisor which is as- 
sumed to be strict normal crossing. We recall the following Mayer- Vietoris property 
of the Deligne cohomology from [3, Variant 3.2]. 

Lemma 7.5. (]3l Variant 3.2]j The above resolution diagram induces the following 
long exact sequence of Deligne cohomology. 

■ ■ ■ ^ (X, Z(g)) ^ H^(X, Z(g))©e^ {S, Z(g)) ^ {E, Z(g)) ^ (X, Z(g)) . 

Such a Mayer- Vietoris exact sequence also holds for the singular cohomology. 
The functoriality property of the Chern classes with the pull-back maps of (relative) 
i^'-theory and Deligne cohomology gives such maps between the Mayer- Vietoris 
sequences of KH-theorj and Deligne cohomology. 
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8. ChERN CLASSES FOR NORMAL CROSSING SCHEMES 

In this section, we prove some results about the cdh cohomology of /C-sheaves 
and the Chern classes from them into the Deligne cohomology of normal crossing 
schemes. 

Lemma 8.1. Let E he a strict normal crossing divisor of dimension d on a smooth 
scheme. Then the cup product map 

{E, z{d)) ® {E, z(i)) ^ {E, z{d + 1)) 

is surjective. 

Proof. We can assume that E is connected. It is easy to see that {E, Z(l)) = 
H°{E,C*) = C* (cf. Section 1]). It follows from Lemma ES] that 

m^+^ {E,Z{d+l)) = ^ ' " V . ;^ V . ; 



Fd+iH^d(^E, C) F'^+^m^E, C) 
_ H^'^{E,Z)®C* 

^ Fd+^m'i{E, c) ■ 

On the other hand, if E'^ E is the smooth normalization of E, then the 
map H^'^{E, Z) — > H'^'^{E^ , Z) is an isomorphism of Hodge structures. Moreover, 
pd+i-^2d(^-^N ^ C) = by Hodge theory. In particular, we get F'^+^H^'^{E, C) = 0. 
We conclude that 

(8.1) H^'^{E, Z{d)) ® C* ^ e^^+^ [E, Z{d + 1)) . 

In particular, we get 

{E, Z{d)) ® {E, Z(l)) H|,^ {E, Z{d)) C* 



(E, Z{d + 1)) i ^ H^\E, Z) ® C*, 

which shows that the left vertical arrow is surjective. □ 

We next recall the following result which signifies the importance of using Milnor 
A'-sheaves in place of Quillen i^-sheaves to study algebraic cycles on singular 
varieties. We refer to [351 Proposition 8.2] for a proof. It is not clear if such a 
result is true for the cohomology of Quillen i^"-sheaves. 

Proposition 8.2. Let E he as in Lemma \8. 1\ Then the natural cup product map 

H\E,lC^j,)®C* ^ H\EXfii,E) 

is surjective for all i > d in either of Zariski and cdh topology. 

We remark here that the proof of the above proposition in [351 Proposition 8.2] 
is given for the Zariski cohomology, but the same (in fact easier) proof also works 
for the cdh cohomology. 

Corollary 8.3. Let E he as in Lemma l8J[ Then the cup product maps in K-theory 
induce the following diagram 



(8.2) H^ah {E, /Cf ) ® C* ^ H:},, {E, IC^i,) 

F'^KH^^E) (g) C* ^ F^KHl\E), 
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where all the arrows are surjective. 

Proof. Follows immediately from Proposition 18.21 and (17. 5p . □ 
Lemma 8.4. Let E be as in Lemma lS.li Then the Chern class maps 

are surjective. 

Proof. We prove the first assertion by induction on dimension of E. If E is smooth, 
then we can replace /C^^ by /C using Lemma [7.41 The assertion is then standard. 
If E has dimension zero, then it is smooth. So assume that the result holds for all 
strict normal crossing divisors of dimension less than d which is at least one. Let 

E'^ a be the normalization map and let S = f^^{S = -Esing)- Then we have 
the commutative diagram of exact sequences 



.3) 



h: 



d-l 
cdh 



s, /cf 



s, Z{d)) ^ m^T^ {E, Z{d)) ^ H|,^ [E^, Z{d)) ^ 0. 



Since is a strict normal crossing divisor on E'^ (which is smooth), the map 
mutative diagram 



'cdh \ '-'i '^d-i ] ^ '^"-v \ 'S') '^{d — 1) ) is surjective by induction. Now the com- 



U) 



2d-2 



^d-1 



V 



^H^dH(S,JCf 



S, Z{d - 1) ) ® C* ^ H^'*-^ ( S, Z{d) 



and Lemma 18.11 imply that the left vertical map in (18. 3p is surjective. Hence so 
is the middle vertical map. This proves the first surjectivity of the lemma. The 
second surjectivity now follows from the first. Lemma 18.11 and the commutative 
diagram (18.41) for □ 



It follows from [21], Theorem 2] and [M| Lemma 2.2] that the Chern class map 
in 17.21 from the algebraic i^-theory to the modified Deligne cohomology gives rise 
to a commutative diagram of exact sequences 



.5) 



degO 



F'^KoiX) H^'^iX, Z 







Albx 



CO 







J^{X) 



Hli (X, Z{d)) ^ H^'^i^X, Z) ^ 



In fact, one knows from [21^ Theorem 2] that J^{X) is a smooth and commutative 
algebraic group which is a universal regular quotient of A'^{X) = F'^ii'o(X)dego in 
the category of smooth commutative group algebraic groups over C. The following 
is the cdh analogue of this albanese map. 
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For a smooth and projective C-scheme X of dimension d and i > 0, let 
(8.6) Hi,, (X, /Cf = Ker {HI,, {X, /Cf ) ^ H'\X, Z(z))) . 

Note that this group is same as the subgroup of CH^X),^^ by Lemma EH We 
shall also write H^,, (X, ^f),^^ as H'^,, (X, ^'d)^^^^- This makes sense even if X 
is singular. 

Proposition 8.5. For a projective C-scheme X of dimension d, the Chern class 
maps induce the following commutative diagram with exact rows. 



■7) 



^ H^,, (X, /Cf ) 



dego ^ H^dk {X, /Cf ) ^ H'^^iX, Z) ^ 



0^ F'^KH^'iX) 



degO 



.top 

F'^KH^'iXjU H''\X, Z) ^ 







J'^(X) 



(X, Z(rf)) ^ ^) ^ Q 



Remark 8.6. The reader should be warned that this proposition can not be deduced 
from the diagram (18. 5p because there is a priori no map from F'^Kq{X) (or from 
CH'^{X)) to F^KHo{X) which factors the classical albanese map F'^Ko{X) 
H^ (X, Z{d)). This is because of the lack of the current knowledge on the question 
whether F'^Kq{X) is isomorphic to F^Ko{X). 



Proof. The bottom row is exact by (16.141) . To show that Cq^ is surjective, it suffices 
to show that the composite map H^,, {X,]Cf) F'^KHo{X) H'^^{X,'L) is 
surjective. But this follows from the commutative diagram 



(8.8) Hi,, (X, /Cf ) ^ Hi,, (X, /Cf ) 

H''\X, Z)^^H^'i{X,Z), 



where the top horizontal arrow is surjective by Mayer- Vietoris, the right vertical 

arrow is surjective by the smoothness of X plus Lemma EU and the bottom hori- 
zontal arrow is an isomorphism, as can be checked by the Mayer- Vietoris sequence 
for the singular cohomology. H^,, {X, IC^^) ^^^^ and F'^KH^ {X)^^^q are defined 

to make the top and the middle rows exact. This makes the above diagram com- 
mutative. We only need to show that the middle vertical arrow is surjective to 

complete the proof. 

We first observe that the functorial property of the descent spectral sequence (15.41) 
and the Mayer- Vietoris property of the cdh cohomology gives the map of spectral 
sequences EP''^{E) = Hl,,{E,lCq) (X, /C,) = In particular, this 

induces the natural map F'^-^KHi{E) = E'^-^^\E) E^^^X) = F'^KHo{X). 
This restricts to the map F'^~^KHf{E) F'^KH^'^{X). We get a commutative 



34 

diagram 
(8.9) 



AMALENDU KRISHNA 



HL' {E, /Cf ) ^ H^,, (X, /Cf ) ^ H^,, (X, /Cf ) ^ 



Cl,B 



co,x 



e^'^-i (E, Z(rf)) ^ H^,'^ (X, Z(c/)) ^ H^,^ (^X, Z(g) j ^ 0. 

The top and the bottom rows are exact. The left and the middle vertical maps 
on the top are surjective by (17. 5p . The top right vertical map is isomorphism by 
the Bloch's formula for smooth varieties and Lemma I7.4[ This shows in particular 
that the middle row is also exact. The right vertical map on the bottom is known 

to be surjective as X is smooth. We now only have to show that the composite 
vertical ma p on the left is surjective to finish the proof. But this is shown in 
Lemma 18.41 □ 

Corollary 8.7. Let E be as in Lemma \8. 1[ Then the Chern class C\ — Ct^+i 2d+i • 
KHi{E) H^'^+^ {E, Z{d + 1)) induces the exact sequences 

(8.10) F'^KH^'\X)dego ® C* ^ F'^KH^iE) ^ H^'^+^ {E, Z{d + 1)) ^ 0. 



8.11) H^,, {E, /Cf ® C* ^ {E, IC^i,) 



{E,Z{d+l)) ^ 0. 



Proof. Tensoring the diagram (18. 7p of Proposition 18.51 (for X = E) with C* and 

using the isomorphism in (18. ip . we get a commutative diagram 

(8.12) 

^ F'^KH^^{X)Aeso ® C* ^ F'^KH^^X) ® C* ^ H^'^+i {E, Z{d + 1)) ^ 







Ker(ci) 



F'^KHiiE) 5 m^+^ {E, Z{d + 1)) ^ 0, 



where the first map on the top row is injective because H'^'^{E, Z) is a free abelian 
group of finite rank. The corollary now follows from Corollar y 18. 3[ The second 
exact sequence follows exactly in the same way using Corollary 18.31 again. □ 

Definition 8.8. Let X be a projective C-scheme of dimension d over C. We say 

that F'^KH^\X) is Rnite- dimensional, if the map F'^KH^\X) ^ H"^ (X, Z(rf)) 
is an isomorphism. 

One could now formulate the following cdh version of the Roitman torsion the- 
orem and the finite-dimensionality problem for the Chow group of zero-cycles on 
singular projective schemes. 

Conjecture 8.9. For a projective 'C-scheme X of dimension d, the map 

F'^KH^\X) ^ (X, Z(d)) 
is isomorphism on torsion subgroups. 

Conjecture 8.10. Let X be projective C-scheme of dimension d. Then F'^KH^^ {X) 
is finite- dimensional if and only if Hf^y^ ( X, f^^/c ) ~ ^ -^^^ Q < i < d — 2. 
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We shall discuss the cases of these two conjectures for surfaces in Section [121 

9. cdh COHOMOLOGY OF LOWER /C-SHEAVES ON CURVES 

In Section [HI we proved some results regarding the Chern class maps on the KH- 
theory of normal crossing schemes. For schemes which have worse singularities than 
normal crossings, we prove the following results for curves in this section. 

Lemma 9.1. Let E be a (possibly nonreduced) curve over C. Then the map 

H^ar (-^' ^e) ~^ ^cdh (-^' ^e) '^^ surjcctivc. This map is an isomorphism if E 
is seminormal. 

Proof. Since H^ar ^e) ~^ ^Zar (-^red, 0%) and is an isomorphism in the cdh 
topology, we can assume that E is reduced. This result is well known when E is 

smooth. In general, let E^ E he the normalization of E and let S "-^ E he a 
conducting subscheme for the normalization. Put S = Sx^E^. The smoothness 
ofE^ and the Leray spectral sequence imply that H*^j^ {E^ , O*) = H*^^ {E, vr.C*). 
Now, the exact sequence 

-> 0^ ^ ^ ^ 

gives the commutative diagram of exact sequences 

0*iE^) © 0*iS) > 0*iS) H'zar (E, O*) ^ H^zar (^"^^ O*) ^ 



Now we observe that S^ed and S^^d are zero-dimensional and hence smooth. In 
particular, 0*{S) C^cdhi^) an isomorphism when S is reduced, which is 

the case when E is seminormal. The same holds for S. We always have 0*{E^) = 

^cdh{E^)- A diagram chase now proves the result. □ 

Lemma 9.2. For any curve E over C, there is an exact sequence 

Vic\E) ® C* ^ Hl^^ {E, IC2) ^ H|, (E, Z(2)) -> 0. 

Proof. By Lemma [9.11 it suffices to prove (18. lip for E. We can assume that E is 
reduced. As in the proof of Lemma 19. 1[ we consider the commutative diagram of 
exact sequences 

Ol,,{A.d) ® C* ^ Hi,, {E, 0\^^, © C* ^ Hi,, {E\ O*)^^^^ © C* ^ 



lC2MSr.d) > Hi,, {E, JC2) > Hl„ {E^, /C2) > 0. 

Since S is zero-dimensional, the left vertical map is surjective using the isomor- 
phism K^{G) = K2{C). The lemma now follows easily by a diagram chase. 

Corollary [O for E^ and the isomorphism {E, Z(2)) ^ {E^ , Z(2)). □ 

Proposition 9.3. Let E be a curve over C. Then the map H^^^ {E, IC2) — )■ 
Hldh (E, IC2) is surjective. This map is an isomorphism if E is seminormal. 
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Proof. We can assume E to be reduced. For smooth E, there is nothing to prove. 

We now assume that E is seminormaL Let E^ E he the normahzation of E as 
above. 

We consider the commutative diagram of exact sequences 



2,{E,S) 



/c 



2,E 



2,5 







/* (^^2,{E^,S)) ^ /* (^2,£;Jv) -> /* (^^2,5) 0- 

The double relative ii'-theory exact sequence tells us that the cokernel of the left 
vertical map is contained in /Ci,(£,£jv,s), which in turn is isomorphic to Is<^fl\,N/E 

by the main result of Geller-Weibel [23]. But this last term is zero because E is 
seminormal. In particular, the left vertical map in the above diagram is surjective. 
Hence we get exact sequence 



(9.1) 



)^2,E -> /* {^2,E^) © ^2,5 /* (^2,5) ~^ 0- 



Taking the associated long exact sequences of the Zariski and cdh cohomology, we 
get the following commutative diagram. 



^cV (^^, ^2) 



H'zar (S. IC2) ^ i^L. (E, ^ Hl^^ {E^, /C2) ^ 



^cV (S, IC2) ^ H^,, (E, JC,) ^ Hi,, {E\ /C2) ^ 0. 



The smoothness of E, S and S implies that the first two vertical maps from the 
left and the last vertical map on the right are isomorphisms. Hence the remaining 
vertical map is also an isomorphism. This proves the case of seminormal curves. 
For a general reduced curve, we compare the commutative diagram 

Vic\E) ® e ^ ifLr {E, IC2) 5 H|, {E, Z(2)) ^ 



Vic\E) ® e ^ Hi-,, {E, IC2) ^ H|, {E, Z(2)) ^ 0, 

where the top row is exact by [311 Lemma 3.1] and the bottom row is exact by 
Lemma [9.21 This proves the result. □ 



Corollary 9.4. Let E be a curve over C. Then 

(i) The map HldhiE,!C2)tors ~^ iE,'^{'^))tors ^■^ ^P^'''^ surjective and 
morphism if E is seminormal. 
(u) Hl,,{E,}C2)®Q/Z = 0. 



zs an ISO- 



Proof. The first part follows directly from Proposition 19.31 and [31 Theorem 5.3]. 
The second part follows from Proposition 19.31 and Proposition 8.4]. □ 
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10. ChERN CLASSES FOR SMOOTH SCHEMES 

Let X be a smooth projective C-scheme of dimension d. In this section, we 
prove some results about the Chern classes from the i^'-theory of X into its Deligne 
cohomology. We shall assume all abelian groups in this section to be tensored with 
Q, i. e., the abelian group A will actually mean A ®i Q. Let W-pi^q) denote the 
sheaf on Xzar associated to the presheaf U i— MJjy{Uan, Q(q')), where 

(10.1) Qv,u{(i) ■■= (Q(g) ^Ou^---^ nii') ■ 

Lemma 10.1. Let X be a smooth projective C-scheme of dimension d. Then 

Hl^,{x,ni-\d))=o. 

Proof. Let U be an affine neighbourood of a closed point on X. Then the map 
Cu — )■ {Ouan ^u^„) is a quasi-isomorphism of complexes by the Poincare 

lemma. In other words, there is exact sequence of complexes on Uan'- 

-> nfjJ-d-1] ^ C/Q(rf)[-1] ^ Qid) ^ 0, 

which gives the isomorphism if"'-^ (^jj^^^ C/Q{d)) = {U, Q{d)). Since the map 
H*{Uan,Q) — ^ H*{Uan,C) is iujective, we get exact sequence of Zariski sheaves 

This in particular gives a surjection Hzar {^,'Hc~x) -^^lar ■ But 

the Bloch-Ogus-Gersten sequence (cf. [H (0.3)]) implies that H^^r {-^y'^cx) ~ 
for p > q. □ 

Corollary 10.2. LetX be as in Lemma UO. 1[ Then the Chern class map Ki(X) — 
H^^^ (X,Q(d)) gives rise to the Chern class map 

Proof. We can replace H^-^ (X, /Cf ) with H^'^ (X, /C^) by Lemma El The first 
surjection then follows at once from the Brown- Gersten spectral sequence (15. 3p . 
This spectral sequence also implies that there is a surjection 
-^Zar ^d+i) ~^ F'^Ki{X). Thus wc ouly need to show that the composite 
Hi^^ lx,]Cd+i) -» F'^Ki{X) n^-\X,q{d)) is zero. Now, the functoriality 
of the Chern classes gives a commutative diagram 

i/L(X,/C,+i) wF'^K.iX) 

Cl 

HLr [X, K-\d)) ^ H^'^-^ (X, Q(d)) , 

where the bottom horizontal arrow is the edge map in the spectral sequence 

E^' = H^zar {X, nUq)) (X, Qid)) . 

The corollary now follows immediately from Lemma 110.11 □ 

Lemma 10.3. Let X be as m Lemma\IUJl Then //^d-i (x, Q)nF'^i^2<i-i (x, C) = 
and hence 

H''-'iX,Q)^ H'^-'iXX) 



pdH2d~i (X, C) ■ 
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Proof. We observe that H^'^ ^ {X, Q) is invariant under the complex conjugation 
on (^x, C). On the other hand, 



□ 



pdjj2d-i (^^1 ^ FdH2d^i (X, C) = 
by the Hodge theory. The lemma now follows. 

Let X be a smooth and projective C-scheme of dimension d. For any i > 0, let 
H^\X, Q),,^ = n H'\X, Q). Note that 

(10.2) H^\X, Q) Q)(g)QC ^ C) 

and the Hodge decomposition shows that Q)^^^ 
der this isomorphism. 

Denote the image of the map -j^^2(^X' 



un- 



2d~l 
■V 



I alg 



lip 



by the subgroup 



Proposition 10.4. Let X he as in Lemma \10.1\ Then 

M^^-i (X, q{d))^,^ C Image (X, /Cf ) ^ H^^'^ (X, 



Proo/. We can replace H^^^^ (X, /Cf ) with (X, /C^) by Lemma El The in- 
jectivity of maps H*{X, Q) ^ if*(X, C) and [ifc] together imply that 



(10.3) 



H^^-^X, 



I alg 



H 



2d-2 



if^"^ 2(X, vv^Va^g K^'^^'^Jalg 

The validity of Hodge conjecture for codimension {d — 1) cycles on X (cf. P3| p. 
91]) implies that H^"^ {X, ICd-i) H'^'^-'^{X,Q) under the topological Chern 
class maps 



:io.4) 



Hi-^{X,lCa-,)---^CH''-\X) 



2d-2 



H 



2d~2 




(X,Q(d-l)) 



-,H^^'\X, 



The proposition now follows by using the commutative diagram 



;io.5) 



<V (X, /C,_i) ® C* ^ ^<i) 



-^Zar(^'^x/c) ^ fr2d~2(v 



Cl 



2d-l 



(X,Q(d)), 



where the first map on the bottom row is the isomorphism of (110.30 . 

11. Zero-cycles on singular varieties and their resolutions 



□ 



In this section, we prove our main result about the comparison between the 
cdh analogue of the Chow group of zero-cycles on a normal projective variety X 
and that of a resolution of singularities of X. We need the following intermediate 
result. 
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Lemma 11.1. Consider the resolution diagram (17. 6p for a projective (not neces- 
sarily normal) C-scheme X of dimension d. Then the map 



is surjective. 

Proof. It follows from Lemmas 16.91 and 110.31 that 

(11.1) ^ 1 ^/"^ ^ Hi'-' X, Q{d) 

Using the exact sequence 

and Proposition 110.41 it suffices to show that 
(11-2) ^'1' {X, fi<^-i) ^ (X, Qf-^' 

But this follows from the Mayer- Vietoris exact sequence 



together with the fact that Ml^f (^5,n</^c^) = = Ml^f (^E.Vtfjl^^, which 
follows from Lemma [2.51 □ 

The following is our main result about the cdh version of the Chow group of 
zero-cycles on singular schemes. 

Theorem 11.2. Let X he a normal and projective C-scheme of dimension d >2. 
Suppose that for a resolution diagram (17. 6p for X, 

Then the map 

F^KH^\X) F^KH^{X) = CH^{X) 

is an isomorphism. 

Proof. Since Hf^^^ {x,lCf^ = F'^KH^\X) = F^Ko(X) = CH\X) and 
Hidh {X, /C^) F^KHq^X), it suffices to show the stronger assertion that 



;il-3) i^,l(X,/Cf) ^i/,l(x,/C 
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Let US write ^d-i ^^^-j!^ as ^ yX, Q{d)j and consider the following commu- 
tative diagram of Mayer- Vietoris exact sequences. 



a 

H'^H {X, /Cf ) > {E, ICf) > Hi,, (X, /Cf ) ^ Hi,, (X, /Cf ) 



H^'^-i (X, Q(f/)) ^ > H^^-^ (i?, Q(f/)) > (X, Q(rf)) » H^^ (x, Q(d)) . 



The bottom row is exact by Lemma 17.51 since the normality of X implies that 
dim(Xsing) < d — 2 and hence (Xsmg, Q{d)) = for i > 2(i — 1. The middle row 
is exact also because of the normality of X. Furthermore, the universal property 

of the albanese variety of X (cf. [21]) shows that J (X) ^ J (X) and hence it 

follows from f|g7H|l that m^{X,Q{d)) ^ Wj^ (^X,Q(rf)j. In particular, the map 

7 is surjective. 

The left lower vertical map is surjective by Le mm a lll.li The second lower 
vertical map from the left is surje ctive by Lemma 18.41 The second column from 
the left is exact by Corollary 18.71 A diagram chase shows that we only need to 
show that Image(a) C Image(/9). But this follows from the assumption of the 
theorem. □ 



12. Chow groups of zero-cycles on surfaces 

In this section, we deduce some consequences of Theorem 111.21 for the Chow 
group of zero-cycles on surfaces. In particular, we prove the cdh version of the 
Roitman torsion theorem and compare the Chow group of a surface with arbitrary 
singularity with the Chow group of a resolution of singularities. 



12.1. Roitman torsion for surfaces. The following is a version of the Roit man 
torsion theorem for singular surfaces in the cdh topology. It proves Conjecture 18.91 
for surfaces. 

Theorem 12.1. Let X be a projective surface over C. Then the Chern class map 
Hi,, (X, /C2) ^ H|, (X, Z(2)) IS isomorphism on torsion subgroups. 



Proof. This follows by imitating the proof of the Zariski version of the Roitman 
torsion theorem in [3]. We consider the resolution diagram (17.61) for X and use the 
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following diagram. 



© 

Hcdh (S, 1^2) tors 



tors 



K {S\ors 



\ / tors 



co,x 



Ml {E, m))tors ^ K (X, m)\ors ^K[X. Z(2) , Q 



tors 



The exactness of the bottom row is already shown in loc. cit.. The top row 
is exact without taking the torsion part by the Mayer- Vietoris property of the 
cdh cohomology. Corollary 19.41 now shows that the top row is exact except at 
^cdh {E^lC2)tors- '^^^ ^^^^ Vertical map from left is surjective by Corollary 19.41 and 
loc. cit., Proposition 8.4]. The second vertical map from the left is an isomorphism 
ay Corollary 19.41 since E is seminormal. The last vertical map on the right is an 
isomorphism by the Roitman torsion for smooth surfaces. A diagram chase shows 
that Co X is an isomorphism on the torsion subgroups. □ 



12.2. Chow group of singular surfaces. The following is our main result for 
the cdh analogue of the Chow group zero-cycles on singular surfaces. 

Theorem 12.2. Let X be a projective surface over C and let X ^ X be a reso- 
lution of singularities of X as in (17. 6p . Then 

(1) H',,, {X, Ox) ^ Hl,^{X, O^) ker(co,x) ^ ker(co,^). 

(2) H^^,, ^ H^cdh for ^ < 1 ^ F^KH,{X) ^ CH\X). 



Proof. Since /Cg^ ^ /Ca.x, we can use F'^KH^{X) and F'^KHo{X) interchange- 
ably. 

Assume first that H'^^h (X, Ox) — > H'^dhi-^, ^x)- The exact sequence 
Hl,^iX, O) © Hi,, (S, O) ^ Hi,, (E, O) ^ H^,, (X, O) ^ O) ^ 0, 



Corollary 13.41 for E, [121 Corollary 2.5, Proposition 2.6] for X and S, and our 
assumption together imply that 



'12.r 



Hl,,{X, O) © Hi,, [S, O) ^ Hi,., {E, O) 



Since these groups are the Lie algebras of the associated Picard varieties, we con- 
clude that 



:i2.2i 



Pic°(X) © Pic°(5) Pic°(E). 
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We now consider the following commutative diagram of exact sequences 
(12.3) 



TTl 

^Cdh 



hom 



H|,(£;,Z(2)) 
H^(5,Z(2)) 



■'O.X 



e|,(x,z(2)) 4>e|, (x,z(2) 



In this diagram, the second column from the left is exact as it is the quotient of 
the exact sequences given by Lemma 19 .21 This already implies that ker(co,x) 
ker(cQ jf). To show the injectivity, it suffices now to show the same with rational 

coefficients because of Th eorem 112.11 In this case, the left lower vertical map is 
surjective by Lemma [11.11 The injectivity now follows from a simple diagram chase 
and (112. 2p . This proves the first assertion. 

To prove the second part of the theorem, it suffices to show that co,x is an isomor- 
phism. Under the given assumption, it follows from Lemma [275] that H^^^ ^X, ^x^/(^ 

^ M^dh (^'^^/c)' "^^^ Mayer- Vietoris exact sequence for the singular cohomol- 

ogy implies that H^{X,Z) H^{X,Z) and H\X,Z) H\X,Z). It follows 

now from (l6A2ll that H|,(X,Z(2)) ^ H|, {x,Z{2)Y In particular, the map 7 

is surjective. This also shows using Theorem 112.11 that we only have to show the 
isomorphism with rational coeffi cients . Now, using a simple diagram chase and ar- 
guing as in the proof of Theorem 1 11. 2 ^ we only have to show that the top horizontal 
map is surjective, which follows directly from (112. 2p . □ 

The following recovers [371 Theorem 1.3] and ^3ll Theorem 1.3] by a different 
and more conceptual approach. 

Corollary 12.3. Let X he a projective surface over C with a resolution of singu- 
larities X such that H"^^^ (X, Ox) = 0. Then the finite- dimensionality of CH'^{X) 
implies the same for CH^{X). 

Proof. By the Roitman torsion theorem (cf. [3], [5]), it suffices to prove the result 
rationally. So we assume all the groups to be tensored with Q. The surjectivity 

H'^ar (-^) Ox) -» H'^ari^, O x) and our assumption imply from Theorem 112.21 that 

F^KHo{X) ^ e|, (X, Z(2)). Thus we need to show that 

(12.4) ker {CH\X) F'^KHo{X)) 4 ker (H^. (X, Z(2)) ^ (X, Z(2))) 

- ker (i/L,(X, n],/^) ^ H!,,iX, fi^./^)) , 



where the second isomorphism follows from our assumption, (I6.12p . (I6.14p and (16.150 . 
However, the Bloch's formula i/|„,(X,/C2) = F^Ko{X) = CH\X) of [39], 

Corollary [53] and ^ imply that kei{CH'^{X) -> F^KHo{X)) C K^^\x). 
The corollary now follows from the exact sequence 

Ql. ® H\X, Ox) H\X, n'x) ^ H\X, fi^/c) 0, 
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in the Zaris ki an d the cdh topology, the surjection if|„^(X, C^) 
and Lemma [5. II 



X) 

□ 



Corollary 12.4. Let X be a strict normal crossing divisor on a smooth projective 

threefold such that H^^f^{X,Ox) = 0. Then the finite- dimensionality of CH^{X) 
implies that the maps 

(12.5) Hl,^ (X, /C2) CH\X) HI, (X, Z(2)) 



Hldh (-^> ^2) 



F'^KHq{X) B.^ (X, Z(2)) 



are all isomorphisms. 



Proof. The first horizontal map on the top row is an isomorphism by the main 
result of [39j. Since X is a strict normal crossing divisor, it follows from our 
assumption and Corollary [331 that -f^Lr- ^x) = H'^dh ^x) = 0. Hence, the 
second horizontal map on the top row is an isomorphism by pMl, Theorem 1.3]. It 
follows from Theorem 112.21 that both the horizontal maps on the bottom row are 
isomorphisms. Since X is seminormal, the right vertical map is an isomorphism 
by [34l Corollary 6.2]. Hence all other vertical maps are also isomorphisms. □ 



13. Finite-dimensionality for normal threefolds 

In this section, we use Theorem 111.21 to deduce a conditional result on the 
finite-dimensionality of the Chow group of zero-cycles on normal threefolds. So 
let X be a normal and projective threefold over C and consider a resolution of 
singularities diagram for X as in (17.61) . Since E is a surface, there is an isomorphism 
H^ar {E,)C2,x) — CH^{X) by the main result of [39]. Since such an isomorphism 

also holds for X, there is a natural map CH'^{X) — > CH^{E) which in turn induces 
the restriction map 

(13.1) A\X) = CH\XU CH\X\^,^ ^ A\E) = CH\E),^^,. 

Lemma 13.1. Assume that (77^(7(1, 3, X) and GBC{E^) hold. Suppose that 
Hldh ^x/c) ^ f'^^ i <1. Then the map A^{X) A^{E) is surjective. 



Proof. As in the proof of Corollary 13. 5[ it follows from our assumption and Corol- 
lary [S31 that the map Hl^^{X,0^) HI^^{E,Oe)- On the other hand, the 

surjectivity Hzar ^x/c) ^ -^lar ^if/c) ^^"^ Hodge theory imply that 

Hl^^{X,0^) = 0. We conclude that HI^^{E,Oe) = 0. Now, the Bloch's con- 
jecture GBC{E'^) and PH, Theorem 1.3] imply that the albanese map A'^{E) — )• 
J1{E) is an isomorphism. Since £^ is a strict normal crossing divisor, it follows from 
[511 Corollary 6.5] that J^{E) is a semi-abelian variety and hence J^{E) = J'^{E). 

In particular, we get A'^{E) ^ J'^{E). 

It also follows from (I6.12p and Corollary 13.51 that the morphism of complex 

algebraic groups J^(X) — )■ J'^{E) is surjective. The lemma now follows from 
Corollary EZH □ 
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Theorem 13.2. Let X be a normal and projective threefold over C such that 
H^^^ (^X,^]^/c) = for < i < I. Assume GBC{2) and GHC{1,3,X) for some 

resolution of singularities X as in (17. 6p . Then F^KHq\X)q ^ CH^(X)q. 

Proof. In this proof, we assume all groups as tensored with Q without mentioning 
it explicitly. Since H^^f^ {X,ICf) F^KH^^{X), we need to show that 

(13.2) H',,, {X, /C^O ^ H!,, (x, /Cf 

We only need to show that the hypothesis of Theorem 111.21 is satisfied. Our 
assumption and the Mayer- Vietoris exact sequence show that H'^j^{X,0^) -» 

H'^^fj^ {E , O e) ■ On the other hand, our assumption H^^^f^ (^X,Q]^^^ = implies 

that the same holds for X. The Hodge theory now implies that H^^f^{X, O^) = 0. 
We conclude that H^^f^ {E, Oe) = 0. 

Since E' is a strict normal crossing divisor, and since CH'^{E^) is finite-dimensional 
by our assumption, we can now apply Corollary 112.41 to reduce to proving that 

Hl^^ (^X,/Cf )^ ® C* ^ Hl^,^. (E,/Cf )^^^ ® C*. For this, it suffices to show 

that A^{X) A^{E), using the isomorphism H^^,. (x, /Cf ) ^ CH\X). But 
this is shown in Lemma [13. 1[ □ 

Corollary 13.3. Let X be a normal and projective threefold over C with only 
isolated singularities such that H^ar (^^^^x/c^ ~ ^ f'^''^ < i < 1. Assume 
GBC{2) and GHC{1,?>, X) for some resolution of singularities X as in (17.61) . 
Then CH\X) A CH^{X). 

Proof. As in the proof of Corollary 112.31 it suffices to prove the result with the 
rational coefficients. It follows from our assumption and [TTl Proposition 2.6] that 

^cdh (^^^^x/cj = for < i < 1. In particular. Theorem 113.21 applies. The 
corollary now follows from Theorems 15.81 and 113. 2[ □ 

14. Zero-cycles in arbitrary dimension 

In this last section, we give a weaker form of Theorem 1 13. 2 1 in arbitrary dimension 
using Theorem 111.21 This situation particularly applies in case of projective cones 
over smooth projective varieties. 

Theorem 14.1. Let X be a normal and projective variety of dimension d over C 
such that H{^^ (x, ^'x/cj = for < i < d - 2 and j > d - 1. Let X ^ X 
be a resolution of singularities such that the reduced exceptional divisor is smooth. 
Assume thatGBG{d-l) and GHC{d-2,2d-3, X) hold. Then F^KH^ {X)q ^ 
GH^{X)q. 

Proof. Following the proof of Theorem 1 13. 2 [ we can use Theorem 1 1 1 . 2 1 and Lemma [73] 
to reduce to showing that the map 

(14.1) GH''-\X)hom ®C* ^ CH'''\E)hom ® C* 
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is surjective, where E is the reduced exceptional divisor on X. The cdh cohomology 
exact sequence (which uses the normahty of X) 

shows that H^;^^^^ (^E, = for < i < d - 3. Together with our assumption, 

this imphes that the map 

(14.2) CH''-\E)^,^ ^ J^-^E). 

On the other hand, the vanishing assumption on the cohomology of X and its 
normality imply that (x,^f,c') = = ^l^j;' (x.^^g, ^]<f-;/^) . This in 

turn implies from fl6.12p that the map J'^^^{X) — )■ J'^^^{E) is surjective. The 
required surjectivity in (114. ip now follows from Corollary 16.111 □ 

Remark 14.2. A conscious reader would observe that one does not need the as- 
sumption H^^i^ (X, Ox) = 0. This condition is needed only for X, which follows 
from the vanishing assumption on the top cohomology groups and Hodge theory. 

Corollary 14.3. Let X be a normal and projective variety of dimension d over C 

with only isolated singularities such that H'^^^ ^X, fi*^^,^ j = for < i < d — 2. 

Let X ^ X be a resolution of singularities such that the reduced exceptional divisor 
IS smooth and H^'al ^Jf/c) = ^ for I < i < d - 2. Assume that GBC{d - 1) 
and GHC{d -2,2d- 3, X) hold. Then CH'^{X) ^ CH'^{X) . 

Proof. Follows from Theorems 114. H 15.81 and Remark 114.21 as in the proof of Corol- 
lary [mi □ 

The following improves [35] Theorem 1.5] for the Chow group of zero-cycles on 
projective cones. 

Corollary 14.4. Let Y ^ be a smooth projective variety of dimension d 
and let X be the projective cone over Y. Assume that H'^l ^X, = for 

< 2 < d — 1. Then CH'^^^{X) is finite- dimensional if CW^iY) is so. 

Proof. Let X A X be the blow-up of X at the vertex. Then X A F is a P^-bundle, 
and / is a resolution of singularities of X. Moreover, E ^ X maps isomorphically 
to Y under the map p. It is also easy to see that CW^iY) = CH'^^^{X) and 

jd^Y) ^ J'^+i(X). Hence we only need to show that CW^+^iX) ^ CH'^+\X). 
We only have to show the injectivity as the surjectivity is already known. But this 
follows from the exact sequence 

H^,, (X, /C,+i) ^ H^,, {E, /C,+0 ^ H^^,' (X, /C,+i) ^ H^+' (x, /C,+i) ^ 0, 

the fact that E ^ X has a section. Corollary 15.71 and Theorem 15.81 □ 
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